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1 Introduction

1.1 Modeling with COMSOL Multiphysics

COMSOL Multiphysics is a multiphysics modelling software based on the �nite element
method (FEM)

1.2 Properties of Titanium Alloys

1.2.1 Chemical Composition and Structure of Titanium Alloys

The Titanium alloy used for membrane is ÂÒ9. You can �nd properties of this alloy on:
Õàðàêòåðèñòèêà ìàòåðèàëà ÂÒ9 From: Ìàðî÷íèê ñòàëè è ñïëàâîâ (www.splav.kharkov.com)

Êëàññèôèêàöèÿ : Òèòàíîâûé äåôîðìèðóåìûé ñïëàâ Ïðèìåíåíèå: äåòàëè, ðàáîòàþùèå
ïðè òåìïåðàòóðå äî 500◦C; êëàññ ïî ñòðóêòóðå α + β

êðèñòàëëè÷åñêóþ ñòðóêòóðó ìîæíî ïðåäñòàâèòü ñåáå êàê ôèçè÷åñêè îäíîðîäíîå
òåëî, â êîòîðîì àòîìû ðàñïîëàãàþòñÿ â ïåðèîäè÷åñêîì ïîðÿäêå. Ïîäîáíîå ðàñïîëîæå-
íèå àòîìîâ îïðåäåëÿåò ôèçè÷åñêèå ñâîéñòâà ìåòàëëîâ. Ìåòàëëû êðèñòàëëèçóþòñÿ ïî
áîëüøåé ÷àñòè â êóáè÷åñêîé îáúåìíî-öåíòðèðîâàííîé èëè ãðàíåöåíòðèðîâàííîé è â
ãåêñàãîíàëüíîé ïëîòíî óïàêîâàííîé ðåøåòêàõ.

äî òåìïåðàòóðû îêîëî 882◦Ñ òèòàí èìååò ïëîòíî óïàêîâàííóþ ãåêñàãîíàëüíóþ
ñòðóêòóðó, èçâåñòíóþ ïîä íàçâàíèåì à-ìîäèôèêàöèè. Òåìïåðàòóðà ïîëèìîðôíîãî a ¾
b -ïðåâðàùåíèÿ ñîñòàâëÿåò 882◦Ñ. âûñîêîòåìïåðàòóðíóþ ìîäèôèêàöèþ b -òèòàíà ñ êó-
áè÷åñêîé îáúåìíî-öåíòðèðîâàííîé ðåøåòêîé.

Õèìè÷åñêèé ñîñòàâ ìàòåðèàëà ÂÒ9
Ïðèìå÷àíèå: Ti - îñíîâà; ïðîöåíòíîå ñîäåðæàíèå Ti äàíî ïðèáëèçèòåëüíî

Fe - up to 0.25
C - up to 0.1
Si - 0.2-0.35
Mo -2.8-3
N - up to 0.05
Ti - 86.785 - 90.4
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Al - 5.8-7
Zr - 0.8-2
O - up to 0.15
H - up tp 0.015
Other - 0.3

1.2.2 The Tensile Strength of Titanium Alloys

Mechanical properties at 20◦C: sâ 1050-1300 MPa (Ïðåäåë êðàòêîâðåìåííîé ïðî÷íîñòè;
Tensile strength) d5 8-16y 25-45E 118 MPa (Ìîäóëü óïðóãîñòè ïåðâîãî ðîäà)

Ïðè ïîâûøåíèè òåìïåðàòóðû äî 250◦Ñ ïðî÷íîñòü òèòàíà ñíèæàåòñÿ ïî÷òè â 2 ðà-
çà. Îäíàêî æàðîïðî÷íûå Ti-ñïëàâû ïî óäåëüíîé ïðî÷íîñòè â èíòåðâàëå òåìïåðàòóð
300�600◦Ñ íå èìåþò ñåáå ðàâíûõ; ïðè òåìïåðàòóðàõ âûøå 600◦Ñ ñïëàâû òèòàíà óñòó-
ïàþò ñïëàâàì íà îñíîâå æåëåçà è íèêåëÿ.

Ìåõàíè÷åñêèå ñâîéñòâà ïðóòêîâ èç òèòàíîâûõ ñïëàâîâ (ÃÎÑÒ 26492�85) (ÂÒ9):
Â ñêîáêàõ ïðèâåäåíû äàííûå äëÿ ïðóòêîâ ïîâûøåííîãî êà÷åñòâà.

Ïðåäåë ïðî÷íîñòè sâ, ÌÏà 980 (1030�1230)
Îòíîñèòåëüíîå óäëèíåíèå d 7(9)
Îòíîñèòåëüíîå ñóæåíèå y 16(28)
Óäàðíàÿ âÿçêîñòü KCU,Äæ/ñì2 25(30)

The tensile strength of titanium and its alloys at ambient temperature ranges from 240
MPa for the softest grade of commercially pure titanium to more than 1400 MPa for very
high strength alloys. Proof strengths vary from around 170 to 1100 MPa according to grade
and condition.

As a �gure shows, tensile strength will gon down nearly linearly with temperature for
most of alloys that have large tensile strength, with a slope of around 1000 MPa/1000 degrees.
Hence, if alloy had a tensile strength of 1000 MPa at 0 degreess, it will go to around 500
MPa at 500 degrees.

0.2% Proof stress goes down slower, about 2 times, with a slope of the order of 500
MPa/1000 degrees

Typical elongation values for titanium and its alloys do not change much with
temperature, for alloys of interest, and temperatures below 500 degrees.

1.2.3 Thermal expansion coe�cient of Titanium and its alloys.

T (◦K) 200 293 500 800 1100

αTi 7.4 8.6 9.9 11.1 11.7

For the purpose of numerical modeling, it is desirable to have a simple approximation of
α(T ). A good approximation is obtained with the following function:

4



α(T ) = α0 + β · (T − T0)γ , (1.1)

where α0 = 6.91, β = 0.35, T0 = 236.4, and γ = 0.39.

1.3 Solder Ïñð72

Solder is Ïñð72. Some properties you can �nd on pages: Ñåðåáðî 72%, Ìåäü Îñòàëüíî

Silver-Copper Eutectic Alloy (72Ag-28Cu), Cold Drawn then Annealed at 250◦ C:
Tensile Strength, Ultimate 345 MPa
Elongation at Break 9.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), Cold Drawn then Annealed at 350◦ C:
Tensile Strength, Ultimate 355 MPa
Elongation at Break 11.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), Cold Drawn then Annealed at 550◦ C
Tensile Strength, Ultimate 460 MPa
Elongation at Break 22.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), Cold Drawn then Annealed at 700◦ C
Tensile Strength, Ultimate 540 MPa
Elongation at Break 28.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), 10Tensile Strength, Ultimate 415 MPa
Elongation at Break 7.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), 20Tensile Strength, Ultimate 450 MPa
Elongation at Break 5.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), 30Tensile Strength, Ultimate 475 MPa
Elongation at Break 5.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), 50Tensile Strength, Ultimate 520 MPa
Elongation at Break 5.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), 70Tensile Strength, Ultimate 590 MPa
Elongation at Break 4.00

Copper Young modulus 17E6 PSI
Silver Young modulus 83 GPa

Òîëùèíà ñëîÿ ïðèïîÿ ÏÑð 72, 0.04± 0.01mm

Òåìïåðàòóðà ïëàâëåíèÿ 779◦C

1.3.1 Coe�cient of Thermal Expansion of Solder Ïñð72

There is no known to us data on thermal expansion coe�cient of alloy Ïñð72. However,
assuming that it is that as of combination of thermal expansion coe�cients of Silver (αAg)
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and Copper (αCu) should give us a su�ciently good approximation. The table shows these
coe�cients ([2]), and a computed value α = 0.72 ·αAg + 0.28 ·αCu for several temperatures (in
units of 10−6/K).

T (◦K) 200 293 500 800 1100

αAg 17.8 18.9 20.6.5 23.7 27.1

αCu 15.2 16.5 18.3 20.3 23.7

α 17.07 18.2 20.0 22.75 26.15
We �nd that the following approximation for α(T ) is good for the temperature range

from 200K to 1100K:

α(T ) = αa + αb · T (1.2)

where T is in Kelvin degrees, αa = 15.13 · 10−6/K, and αb = 0.01 · 10−6/K2.

1.4 Sapphire Mechanical Properties

Sapphire (Al2O3) has a rhombohedral type structure and is a highly anisotropic material,
with properties that are largely dependent on crystallographic orientation.

Tensile Strength: 400 MPa at 20 ◦C, 275 MPa at 500 ◦C, 355 MPa at 1000 ◦C
Young's Modulus, E 435 GPa // c at 25 ◦C and 386 GPa // c at 1000 ◦C Poisson's Ratio

0.28-0.33
A trigonal crystal is known to have six independent elastic constants, as shown in the

following equation:




σ11

σ22

σ33

σ23

σ13

σ12




=




C11 C12 C13 C14 0 0

C12 C11 C13 −C14 0 0

C13 C13 C33 0 0 0

C14 −C14 0 C44 0 0

0 0 0 0 C44 C14

0 0 0 0 C14
1
2 (C11 − C12)







ε11

ε22

ε33

γ23

γ13

γ12




(1.3)

where engineering notation is used: γ12 = 2ε12, γ13 = 2ε13, and γ23 = 2ε23.
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Figure 1: Crystallographic structure of sapphire, Al2O3. Lattice parameters (at 20◦ C) are
a = 4.758Å and c = 12.991Å. R−plane coordinate system results by rotation of coordinate
system (x1, x2, x3) by an angle θ along the x1 axis. After simple calculations, we find that
the angle θ is equal to 57.11◦.

Wachtman et. al. (1960) give the following values: (C11, C33, C44, C12, C13, C14) =
(496.8, 498.1, 147.4, 163.6, 110.9,−23.5) GPa, where x1 and x3 axes are perpendicular to a− and
c− planes of the crystal, as shown in Figure 1.

We however need stiffness tensor parameters for a rotated coordinate system, as shown
in Figure 1, where two Cartesian coordinates (x, y) are within the R−plane and the third one
(z) is perpendicular to that plane.

Transforming vectors is trivialy simple.

For a general rotation transformation, when rotation occurs along each of axes, we have
the following transformation matrix R for vectors:
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R =




cosα · cosβ + sinα · sinθ · sinβ sinα · sinθ −cosα · sinβ + sinα · sinθ · cosβ

−sinα · cosβ + cosα · sinθ · sinβ cosα · cosθ sinα · sinβ + cosα · sinθ · cosβ

cosθ · sinβ −sinθ cosθ · cosβ




(1.4)

In particular, in case that interests us, when rotation is along x1 axes only, as in Figure
1, we have the following transformation matrix for vectors:

R =




1 0 0

0 cosθ sinθ

0 −sinθ cosθ




(1.5)

Transforming tensors under rotation is somewhat more complex.

In new (x, y, z) coordinates (refer to Figure 1), stiffness tensor C, defined by (1.3), will
have the form: C′ = Q−TCQ−1, where Q is rotation matrix [9, 5].

An ij element of transformation matrix Q, Qij = qij , is computed as a product of two
products of unit vectors before and after transformation, each of them with proper indexes.

These indexes depend on indexes of transformed σij (ij in this example), and on indexes
of strain tensor εkm on which σij acts on.

Schematicaly: if σij → εkm, than parameter of matrix Q at the proper place will be equal

to x̂ix̂k · x̂j x̂m ≡ aik · ajm (refer to Equation (1.3) for available indexes).

Hence, we have for Q:

Q =




a2
11 a2

12 a2
13 2a12a13 2a11a13 2a12a11

a2
21 a2

22 a2
23 2a22a23 2a21a23 2a21a22

a2
31 a2

32 a2
33 2a32a33 2a31a33 2a31a32

a21a31 a22a32 a23a33 a22a33 + a23a32 a21a33 + a23a31 a21a32 + a32a31
a11a31 a12a32 a13a33 a12a33 + a13a32 a11a33 + a13a31 a11a32 + a12a31
a11a21 a12a22 a13a23 a12a23 + a13a22 a11a23 + a13a21 a11a22 + a12a21




(1.6)

Let us notice now that products of unit vectors are given by matrix R, (1.4).

Hence, we have:

8



Q =




1 0 0 0 0 0
0 C2 S2 2CS 0 0
0 S2 C2 −2CS 0 0
0 −CS CS C2 − S2 0 0
0 0 0 0 C −S

0 0 0 0 S C




(1.7)

where C stands for cosθ and S for sinθ.

The inverse transformation is obtained by changing sign of sinθ.

Now, we may compute C′ = Q−TCQ−1, obtaining the following parameters of trans-
formed matrix (not listed items are equal to 0) 1:

c′11 = C11
c′12 = cos2θ · C12 + sin2θ · C13 + 0.5 · sin(2θ) · C14
c′13 = sin2θ · C12 + cos2θ · C13 − 0.5 · sin(2θ) · C14
c′14 = −sin(2θ) · C12 + sin(2θ) · C13 + cos(2θ) · C14
c′21 = c′12
c′22 = cos2θ · C11 + 2 · sin2θ · cos2θ · C13 − 0.5 · sin(2θ) · sin2θ · C14 + sin4θ · C33

+cos2θ · sin2θ · C44
c′23 = sin2θ · cos2θ · C11 + (cos4θ + sin4θ) · C13

+0.5 · sin(2θ) · cos(2θ) · C14 + sin2θ · cos2θ · C33 − cos2θ · sin2θ · C44
c′24 = −0.5 · sin(2θ) · cos2θ · C11 + 0.5 · sin(2θ) · cos(2θ) · C13 + (2cos2θ · sin2θ − cos4θ) · C14

+0.5 · sin(2θ) · sin2θ · C33 + 0.5 · sin(2θ) · cos(2θ) · C44
c′31 = c′13
c′32 = c′23
c′33 = sin4θ · C11 + 2cos2θ · sin2θ · C13 + sin(2θ) · sin2θ · C14 + cos4θ · C33 + cos2θ · sin2θ · C44
c′34 = −sin(2θ) · sin2θ · C11 + 0.5 · sin(2θ) · sin2θ · C13 − sin(2θ) · cos2θ · C13 − sin2θ · (3cos2θ − sin2θ) · C14

+sin(2θ) · cos2θ · C33 − 0.5 · cos(2θ) · sin(2θ) · C44
c′41 = c′14
c′42 = c′24
c′43 = c′34
c′44 = 2cos2θ · sin2θ · C11 − 4cos2θ · sin2θ · C13 + 3 · cosθ · sinθ · cos(2θ) · C14 + 2cos2θ · sin2θ · C33 + cos(2θ)2 · C44
c′55 = cos2θ · C44 − sin2θ · 0.5(C11 − C12)
c′56 = 0.5 · sin(2θ) · C44 + cos(2θ) · C14 − 0.5 · sin(2θ) · 0.5(C11 − C12)
c′65 = c′56
c′66 = sin2θ · C44 + sin(2θ) · C14 + cos2θ · 0.5(C11 − C12)

(1.8)

1Matrix manipulation has actually been done by custom designed, simple Perl script that can perform
symbolic manipulation on matrices, generating as an ouput a text as well, that can be used either for
subsequent computation or in LaTeX.
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Please note that above, indexes in cij denote ij− element in transformed C′ matrix, not

new value of stiffness parameters (though one may coincide with the other one).

Numerically, for angle θ = 57.11◦:

C′ =




496.8 115.72 158.78 −38.42 0 0
115.72 478.47 245.39 −29.496 0 0
158.78 245.39 351.97 20.62 0 0
−38.42 −29.496 −20.62 359.49 0 0

0 0 0 0 −74.01 0.886
0 0 0 0 0.886 131.63




MPa (1.9)

These results may be used for input into Comsol when considering fully anisotropic
situation.

However, using FEM in Comsol is much more efficient in terms of CPU time, and much
more accurate, when geometricaly symmetric problems are studied, possibly in reduced
dimentions (2D rather than 3D). Mechanical properties of sapphire are actually fully sym-
metric in z-plane (it is orthotropic material with transverse symmetry). Moreover, since
stiffness parameter C33 is nearly identical with C11 = C12, we do not expect huge differences
in mechanical properties between z-plane and planes perpendicular to it.

Engeeneers by convention are used to engeneering parameters in their calculations. The
engineering constants are related to the components of the stiffness tensor by (for orthotropic
body):

E1 =
(
c11c22c33 + 2c23c12c13 − c11c223 − c22c213 − c33c212

)
/

(
c22c33 − c223

)

E2 =
(
c11c22c33 + 2c23c12c13 − c11c223 − c22c213 − c33c212

)
/

(
c11c33 − c213

)

E3 =
(
c11c22c33 + 2c23c12c13 − c11c223 − c22c213 − c33c212

)
/

(
c11c22 − c212

)

ν21 = (c12c33 − c13c23) /
(
c11c33 − c213

)

ν12 = (c12c33 − c13c23) /
(
c22c33 − c223

)

ν31 = (c13c22 − c12c23) /
(
c11c22 − c212

)

ν13 = (c22c13 − c12c23) /
(
c22c33 − c223

)

ν23 = (c11c23 − c12c13) /
(
c11c33 − c213

)

ν32 = (c11c23 − c12c13) /
(
c11c22 − c212

)

G23 = c44
G13 = c55
G12 = c66

(1.10)

Figure 2 shows angle depandence for E1(θ), E2(θ), E3(θ), where θ is angle between z− and
x3− axes for rotation along x− axes, computed with Equations (1.10).

For R−plane, in MPa:

10



 150

 200

 250

 300

 350

 400

 450

 500

 0  10  20  30  40  50  60  70  80  90  100  110  120  130  140  150  160  170  180

E
1,

E
2,

E
3 

[M
P

a]

θð

E1
E2
E3

Figure 2: Angle depandence for E1(θ), E2(θ), E3(θ), where θ is angle between z− and x3−
axes for rotation along x− axes, computed with Equations (1.10)

E1 = 468.66
E2 = 338.82
E3 = 226.04
ν21 = 0.012
ν12 = 0.016
ν31 = 0.212
ν13 = 0.440
ν23 = 0.692
ν32 = 0.462
G23 = 359.49
G13 = −74.01
G12 = 131.63

(1.11)

For completeness, we provide also a complianse matrix S′ that may be obtained from
(1.4) for orthotropic material, with Ei, νjk, and Glm defined by Equations (1.10):
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C′ =




1/Ex −νyx/Ey −νzx/Ez 0 0 0

−νxy/Ex 1/Ey −νzy/Ez 0 0 0

−νxz/Ex −νyz/Ey 1/Ez 0 0 0

0 0 0 1/2Gyz 0 0

0 0 0 0 1/2Gzx 0

0 0 0 0 0 1/2Gxy




(1.12)

Because of symmetry of compliance matrix, the following conditions must be satisfied:
νyx/Ey = νxy/Ex, νzx/Ez = νxz/Ex, νzy/Ez = νyz/Ey. These conditions may be used as an
additional criterion for checking of consistency of calculations.

1.5 Thermal Expansion Coefficient of Sapphire

T (◦K) 200 293 500 800 1100

α
‖c
sapph

4.1 4.8 7.9 8.9 9.8

α⊥c
sapph 3.0 6.6 7.4 8.3 9.1

For sapphire along R−direction [3] (National Institute of Standards and Technology
Reference Data):

T (◦K) 293 300 350 400 450 500 550 600 650 700 750 800 900 1000 1100

αr 5.38 5.48 6.12 6.61 7.0 7.32 7.59 7.82 8.02 8.20 8.37 8.52 8.79 9.05 9.29
A good approximation on thermal expansion coe�cient along R−direction, αR(T ), is

obtained with Equation (1.2.3), with parameters α0 = −27.9, β = 26.46, T0 = 195.1, and γ = 0.05.
The Thermal Expansion Coe�cient along r−direction is however a combination of values

along c−axis and these perpendicular to c−axis:

αr = cos2(θ) · α‖ + sin2(θ) · α⊥ (1.13)

There are some inconsistences between values of α‖, α⊥ found in literature. We will
assume that Reference [3] provides accurate data. We will take temperature-dependent
anisotropy deduced from the data published in CRC Handbook ([1]), instead of the values of
α‖ and α⊥ from there and based on these two sets of data and Equation (1.13), we compute
parameters α‖ and α⊥.

Anisotropy a(T ) = α‖/α⊥ above 200K is su�cientely well approximated by function:

a(T ) = δ + ζ/Tκ (1.14)

12



where δ = 1.09, ζ = 8.74, κ = 0.88, and temperature T is in Kelvins.
Therefore:

α⊥ =
αR(T )

a(T ) · cos2(θ) + sin2(θ)
(1.15)

α‖ = α⊥ · a(T ) (1.16)

1.6 E�ective Thermal Expansion Coe�cient

When computing residual strains and stress by using Comsol Multiphisics, one enters initial
and �nal temperature of materials and coe�cients of thermal expansion. However, thermal
expansion coe�cients depend on temperature, and there is no way to enter that variation into
parameters governing strain equations. Alternatively, we should compute rather an e�ective
thermal expansion coe�cient, αeff , for a given temperature range from T1 to T2:

∆L

L
= αeff · (T2 − T1) =

∫ T2

T1
α(T ) · dT (1.17)

For solder, we use Equation (1.3.1) for integration in (1.17), obtaining:

αeff = αa + αb · (T2 − T1)/2 (1.18)

For Titanium, and for sapphire expansion in r-direction, we use Equation (1.2.3) with
their corresponding parameters, as discussed already:

αeff = α0 +
β

(γ + 1) · (T2 − T1)
·
[
(T2 − T0)γ+1 − (T1 − T0)γ+1

]
(1.19)

Once we have αeff for expansion in r−direction for sapphire, we compute anisotropy ratio
from Equations (1.15) and (1.16), followed by computing of expansion coe�cients along the
c−axis and within c−plane.

The following are computed results when T1 is assumed 300K and T2 is 972K (melting
point of solder):

Solder: αeff = 18.49 · 10−6/K

Titanium: αeff = 10.41 · 10−6/K

Sapphire, along r-direction: αR
eff = 7.77 · 10−6/K

Sapphire anisotropy a(T ) at 972K = 1.1105
Sapphire, along r-direction, at 972K: αR = 9.006 · 10−6/K

Sapphire, within c-plane, at 972K: α⊥ = 8.722
Sapphire, along c-plane, at 972K: α‖ = 9.686
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Sapphire anisotropy a(T ) at 300K = 1.1478
Sapphire, along r-direction, at 300K: αR = 5.491 · 10−6/K

Sapphire, within c-plane, at 300K: α⊥ = 5.261 · 10−6/K

Sapphire, along c-plane, at 300K: α‖ = 6.039

Knowing however values of anisotropy parameters at T1 and T2 is not su�cient to
determine e�ective thermal expantion coe�cients in c ‖ and c ⊥ directions. These must
be computed from integrals of equations (1.15) and (1.16):

α⊥eff =
1

T2 − T1
·
∫ T2

T1

αR(T )

(δ + ζ/Tκ) · cos2(θ) + sin2(θ)
dT (1.20)

α
‖
eff

=
1

T2 − T1
·
∫ T2

T1
α⊥ ·

(
δ + ζ/Tκ)

dT (1.21)

Numerical integration gives us: Sapphire, within c-plane: α⊥eff = 7.503 · 10−6/K

Sapphire, along c-direction: α
‖
eff

= 8.414 · 10−6/K

There is one more step to perform before we may use the obtained anisotropic parameters
for input into Comsole Multiphysics calculations. Sapphire plate is oriented with r−direction
perpendicular to its surface and the surface of Titanium plate, after rotation along x−axes
of the crystal (as Figure 1 shows). Therefore, the thermal expansion tensor will have xx

component αxx = α⊥eff , zz component αzz = αR
eff , and yy component given by: αyy = α⊥eff ·

cos2(θ) + α
‖
eff

· sin2(θ), which has a value of 8.145 · 10−6/K:

αeff =




7.503 0 0

0 8.145 0

0 0 7.77




10−6/K (1.22)

Òîëùèíà ñëîÿ ñàïôèðîâîé ïîäëîæêè Ý×Ï, 80-110 ìêì (for sensor up to 1.6 MPa)
140-200 ìêì (for sensor for higher pressures) than 1.6 MPa)

1.7 Silicon Mechanical Properties

Diamont structure with fcc Bravais lattice.
For ideally pure silicon, lattice parameters at 22.500 ◦ C: a = 543.102pm

Linear thermal expansion coe�cient, α(T ):
α(T ) = (3.725)

Êðåìíèåâûå òåíçîðåçèñòîðû îðèåíòèðîâàíû âäîëü íàïðàâëåíèé <110> ïëîñêîñòè
êðåìíèÿ.
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At room temperature:
C11 = 1656.4MPa

C12 = 639.4MPa

C44 = 795.1MPa

1.8 Thermal Expansion Coe�cient of Silicon

1.9 Äèàïàçîí ïàðàìåòðîâ è õàðàêòåðèñòèêè ìîäåëèðóåìîãî îáú-
åêòà

Ýëåìåíò ïîëóïðîâîäíèêîâûé ÷óâñòâèòåëüíûé (ÝÏ×) ìèêðîýëåêòðîííîãî îäíîìåìáðàí-
íîãî òåíçîïðåîáðàçîâàòåëÿ (ÒÏ) ñåðèè ÌÄ (ÂÌÈÓ.408854.039, ÒÓ4212-163-00227459-
98) è PT (ÂÌÈÓ.408854.074, ÒÓ4212-281-00227459-2008), âûïóñêàåìûõ ÇÀÎ ¾ÎÐ-
ËÝÊÑ¿, èçãîòàâëèâàåòñÿ èç ÊÍÑ (êðåìíèé íà ñàïôèðå) ñòðóêòóðû ìåòîäîì ôîòîëè-
òîãðàôèè ïîñëå íàñûùåíèÿ êðåìíèÿ áîðîì äî âåëè÷èíû óäåëüíîãî ïîâåðõíîñòíîãî ñî-
ïðîòèâëåíèÿ 4,0-5,5 Îì/êâ è ïðåäñòàâëÿåò èç ñåáÿ òåíçî÷óâñòâèòåëüíóþ ñõåìó â âèäå
ìîñòà Óèòñòîíà, â èñïîëíåíèè ¾Çàìêíóòûé ìîñò¿ èëè ¾Ðàçîìêíóòûé ìîñò¿, ñôîðìèðî-
âàííóþ â âèäå ìåçàñòðóêòóðû èç ãåòåðîýïèòàêñèàëüíîãî êðåìíèÿ ñ êðèñòàëëîãðàôè÷å-
ñêîé îðèåíòàöèåé (001) íà ñàïôèðîâîé ïîäëîæêå ñ ïëîñêîñòüþ êðèñòàëëîãðàôè÷åñêîé
îðèåíòàöèè (012) (r-ïëîñêîñòü) ñ òîëùèíîé îò 80 äî 200 ìêì.

Êðåìíèåâûå òåíçîðåçèñòîðû îðèåíòèðîâàíû âäîëü íàïðàâëåíèé <110> ïëîñêîñòè
êðåìíèÿ, îäíà ïàðà èç êîòîðûõ îðèåíòèðîâàíà ïàðàëëåëüíî ðàäèóñó ìåìáðàíû, à äðó-
ãàÿ � ïåðïåíäèêóëÿðíî. ÝÏ× ðàñïîëàãàåòñÿ íà ïîâåðõíîñòè òèòàíîâîé àêñèàëüíî-
ñèììåòðè÷íîé ìåìáðàíû èç ñïëàâà ÂÒ9, ñî ñëîåì ïðèïîÿ ÏÑð72 òîëùèíîé 0,04±0,01
ìì ìåæäó íèìè, îáðàçóÿ ÷óâñòâèòåëüíûé ýëåìåíò (×Ý) ÒÏ.

Ñàïôèðîâàÿ ïîäëîæêà ÊÍÑ-ñòðóêòóðû, òèòàíîâàÿ ìåìáðàíà è ñëîé ïðèïîÿ ìåæäó
íèìè îáðàçóþò òð¼õñëîéíóþ (ñàïôèð-ïðèïîé-òèòàí) ìåìáðàíó, ÿâëÿþùóþñÿ óïðóãèì
ýëåìåíòîì (ÓÝ) ÒÏ è, ñîîòâåòñòâåííî, ìåõàíè÷åñêîé ÷àñòüþ ×Ý ÒÏ.

Ìàêñèìàëüíîå ðàáî÷åå äàâëåíèå ìîäåëèðóåìûõ ÒÏ ëåæèò â äèàïàçîíå îò 1,6 ÌÏà
äî 150 ÌÏà è îïðåäåëÿåòñÿ ñîîòâåòñòâóþùèì ÒÓ.

Äèàïàçîí ðàáî÷èõ òåìïåðàòóð îïðåäåë¼í ÒÓ è ìîæåò ëåæàòü â äèàïàçîíå îò -50◦C
(ÒÏ ñåðèè ÌÄ) äî +200◦C (ÒÏ ñåðèè PT-3XX-XXX).

Äèàìåòð òèòàíîâîé ìåìáðàíû îò 2,5 äî 5,8 ìì, òîëùèíà îò 0,11 äî 1,8 ìì. Ó ìåì-
áðàíû, ïðåäíàçíà÷åííîé äëÿ èçìåðåíèÿ ìàëûõ äàâëåíèé, ìîæåò áûòü æåñòêèé öåíòð
(ÒÏ ÌÄ10-1,6-V èìååò æåñòêèé öåíòð äèàìåòðîì 2,8 ìì è òîëùèíîé 1 ìì).

1.10 A few definitions

SI units are used in this article.

Young’s modulus E is the slope of the stress-strain curve in uniaxial tension. It has
dimensions of stress (N/m2). You can think of E as a measure of the stiffness of the solid.
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The larger the value of E, the stiffer the solid. For a stable material, E > 0.

E =
stress

strain
=

σ

ε
=

F/A0
∆L/L0

(1.23)

Poisson’s ratio ν is the ratio of lateral to longitudinal strain in uniaxial tensile stress. It
is dimensionless and typically ranges from 0.2-0.49, and is around 0.3 for most metals. For
a stable material, −1 < ν < 0.5. It is a measure of the compressibility of the solid. If ν = 0.5,
the solid is incompressible its volume remains constant, no matter how it is deformed. If
ν = 0, then stretching a specimen causes no lateral contraction.

Elastic limit. Greatest stress that can be applied to a material without causing permanent
deformation. For metals and other materials that have a significant straight line portion in
their stress-strain diagram, elastic limit is approximately equal to proportional limit. For
materials that do not exhibit a significant proportional limit, elastic limit is an arbitrary
approximation (apparent elastic limit).

Y ield strength. Indication of maximum stress that can be developed in a material without
causing plastic deformation. It is the stress at which a material exhibits a specified permanent
deformation and is a practical approximation of elastic limit.

Proportional limit is the limit behind which the relation between stress and strain is no
longer linear. Since, strictly, that relation is never linear (it could be only up to certain accu-
racy), the proportional limit parameter is seldom used by engineers: it depands on definition
of linearity and interpretation of experimental results.

The Elastic limit is significantly higher usually than the not so well defined
proportional limit.

The tensile strength of a material is the maximum amount of tensile stress that it can be
subjected to before it breaks.

2 Classical Thin Plate Equation

2.1 Theory limitations

Thin plate theory limitation: the contradicting assumptions of zero transverse normal stress
and the corresponding strain. The Classical Thin Plate Theory does not account for radial
strain component. It is assumed that there is no plate deformation in radial direction when
deriving plate equations. The only deformation considered is the one in z-direction. However,
deformation in r-direction can be computed from the deformation in z-direction obtained.

The theory assumes also that all displacements are small.

Regardless of the above mentioned limitations, the theory describes resonably well a
broad range of practical problems and is extremely usuful in testing validity of numerical
results.
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2.2 General displacement-strain relation

We assume that the material is an isotropic, linear elastic solid, with Young’s modulus E

and Poisson’s ratio ν. We need to solve for the displacement field ui, the strain field εij , and
the stress field σij .

εij =
1
2

(
∂ui
∂xj

+
∂uj

∂xi

)
(2.1)

While in cylindrical polar coordinates:

εrr = ∂u
∂r

εθθ = 1
r

∂ν
∂θ

+ u
r

εzz = ∂w
∂z

εrθ = 1
2

(
∂ν
∂r

+ 1
r

∂u
∂θ

− ν
r

)

εθz = 1
2

(
1
r

∂w
∂θ

+ ∂ν
∂z

)

εzr = 1
2

(
∂u
∂z

+ ∂w
∂r

)

(2.2)

2.3 Stress-strain relation

σij =
E

1 + ν

(
εij +

ν

1− 2ν
εkkδij

)
(2.3)

or:

σxx = E
(1+ν)(1−2ν)

[
(1− ν)εxx + ν(εyy + εzz)

]

σyy = E
(1+ν)(1−2ν)

[
(1− ν)εyy + ν(εzz + εzz)

]

σzz = E
(1+ν)(1−2ν)

[
(1− ν)εzz + ν(εxx + εyy)

]

σxy = E
(1+ν)εxy

σyz = E
(1+ν)εyz

σzx = E
(1+ν)εzx

(2.4)
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In cylindrical polar coordinates, the relations are identical, with appropriate replacement
of σij by σkl, etc.

2.4 Equations of Local Equilibrium

Equilibrium Equation in static case, has the form (for each j−direction):

∂σij

∂xi
+ bj = 0 (2.5)

where summation is done over i−indexes, and bj is the volume density of internal body
forces. bj could be caused, for instance, by external electromagnetic interaction with the
material. In our case, when result of external hydrostatic pressure on a plate is studied,
exerted in z−direction, body force density in that direction is p/h, where p is value of pressure
and h is plate thickness.

In cylindrical polar coordinates, a general form of the above set of equations will have
the form:

∂σrr
∂r

+ 1
r

∂σrθ
∂θ

+ ∂σrz
∂z

+
σrr−σθθ

r + br = 0

∂σrθ
∂r

+ 1
r

∂σθθ
∂θ

+
∂σθz
∂z

+
2σrθ

r + bθ = 0

∂σrz
∂r

+ 1
r

∂σθz
∂θ

+ ∂σzz
∂z

+ σrz
r + bz = 0

(2.6)

2.5 Equations of Global Equilibrium

In general, body force density components bi could be functions of coordinates. In other
words, the above equations represent conditions of local equilibrium.

To add conditions of global equilibrium, it is convenient to consider integrated moments
of forces and share, and note that these all must be in equilibrium as well (equal to 0 in our
case).
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Mx =
∫ h/2
−h/2 zσxxdz

My =
∫ h/2
−h/2 zσyydz

Mxy =
∫ h/2
−h/2 zσxydz

Qxz =
∫ h/2
−h/2 σxzdz

Qyz =
∫ h/2
−h/2 σyzdz

(2.7)

In equilibrium:

Qyz =
∂Mxy

∂x
+

∂My
∂y

Qxz =
∂Mxy

∂y
+ ∂Mx

∂x

∂Qxz
∂x

+
∂Qyz

∂y
= −pz

(2.8)

We combine the above equations, to elliminate Qxz and Qyz:

∂2Mx

∂x2 + 2
∂2Mxy

∂x∂y
+

∂2My

∂y2 = −pz (2.9)

Now, we can write the above in the form of integrals:

∫ h/2

−h/2

(
∂2σxx

∂x2 + 2
∂2σxy

∂x∂y
+

∂2σyy

∂y2

)
dz = −pz (2.10)

At this point, we substitute stress by strain, to finally get:

∫ h/2

−h/2

Ez2

1− ν2 dz

(
∂4w

∂x4 + 2
∂4w

∂x2∂y2 +
∂4w

∂y4

)
= −pz (2.11)

And, for convenience, we introduce the bending (flexual rigidity) parameter D:

D =
∫ h/2

−h/2

Ez2

1− ν2 dz =
Eh3

12
(
1− ν2

) (2.12)

With that definition, we can write the Classical Plate Equation in the form:

∇4w =
p

D
(2.13)
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where

∇4 =

(
∂4

∂x4 + 2
∂4

∂x2∂y2 +
∂4

∂y4

)
(2.14)

Let us note that p and D have been assumed constant accross plate, when deriving
Eq. (2.13). In a more rigurous form (and a more general one), when D is a function of
coordinates, the integration in Eq. (2.12) should be done in Eq. (2.9), and that will result in
the following form of plate equation:

∇2D(x, y, z)∇2w(x, y, z) = pz(x, y) (2.15)

In cylindrical polar coordinates, the final result is the same, with the change of Laplace
operator ∇2, and change of bi-harmonic operator ∇4, where ∇2 is given there by:

∇2 =
∂2

∂r2
+

1
r

∂

∂r
+

1
r2

∂2

∂θ2
+

∂2

∂z2 (2.16)

Equation (2.13) (with D independent of coordinates) leads us finally to the following
equation on w(r):

D

(
d4w

dr4
+

2
r

d3w

dr3
− 1

r2
d2w

dr2
+

1
r3

dw

dr

)

= D
1
r

d

dr

(
r

d

dr

(
1
r

d

dr

(
r
dw

dr

)))
= p (2.17)

After repeated integration, we receive a general solution:

w =
1

64D
pr4 + C1r2ln(r) + C2ln(r) + C3r2 + C4, (2.18)

where parameters C1, C2, C3 and C4 are integration constants, to be determined from
boundary conditions.

The displacement w at r = 0 must be finite, and therefore C1 and C2 must be equal to 0.
Without these conditions, the curvature at r = 0 would be infinite also.

Hence, we arrive to a simpler solution:

w =
1

64D
pr4 + C3r2 + C4 (2.19)

3 Clamped plate

Assume that the plate is fixed at r = R. Hence, w(r = R) = 0, and we have:
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1
64D

pR4 + C3R2 + C4 = 0; (3.1)

But we must also have dw/dr equal 0 at r = R, otherwise an infinite share would result
at support boundary:

1
64D

4pR3 + 2C3R = 0; (3.2)

Hence, we have:

C3 = − 1
64D

2pR2; C4 =
1

64D
pR4 (3.3)

Hence:

w =
p

64D

(
r2 −R2

)2
(3.4)

3.1 u(r) - radial displacement

The Classical Thin Plate Theory does not account for radial strain component, as already
explained. However, deformation in r-direction, u(r), can be computed from w(r), the ob-
tained deformation in z-direction. This is the domain of Timoshenko and Woinowsky-Krieger
theory [4]. After basic analysis of deformation’s geometry, one obtains [4]:

u(r) =
h

2
dw

dr
(3.5)

Hence, by using (3.4), we obtain:

u(r) = 2
h

R
· p

64D
· r

R
·
(( r

R

)2 − 1
)
·R4 (3.6)

3.2 Strain εzr(r)

In the Classical Thin Plate Theory, radial and z−deformations u and w do not depend on
z. Also, they do not depand on polar angle θ, in case of cylindrical symmetry that interests
us. Therefore, in equations (2.2) ∂w/∂θ, ∂u/∂θ, and ∂ν/∂θ must be equal to 0, ∂w/∂z, ∂u/∂z,
∂ν/∂z must be 0.

Now, here, we take however into account that we are able to compute (r), and, with
the above mentioned conditions, we modify the equations (2.2) on strain tensor into the
following set:
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εrr = du
dlr

εθθ = u
r

εzr = 1
2

dw
dr

(3.7)

Hence, we have:

εzr(r) =
p

32D

( r

R

)
·
(( r

R

)2 − 1
)
·R3 (3.8)

With εzr = 0 at r = 0 and r = R, the function has a minimum (maximum of absolute
value) at r/R = 1/

√
3 ≈ 0.577, with value there of −2/(3

√
3) · pR3/32D.

Some care is needed here, however. In a real case of plate of finite thickness, w and u do
depand on z. This will have influance on εzr tensor component, and also on εzz, as discussed
later.

εzr tensor component should be equal to 0, or it should be close to 0. Why I
do not see that?

3.3 εrr(r) - radial component of strain tensor

According to equations (3.7), radial component of strain tensor in cylindrical-polar coordi-
nates, εrr, is equal to du/dr:

εrr(r) =
h

R
· 2p

64D
·
(

3
( r

R

)2 − 1
)
·R3 (3.9)

At r = 0, εrr(r) has value of −(h/R) · (p/32D) ·R3 and twice as much with opposite sign at
r = R. εrr(r) passes through zero at r/R = 1/

√
3 ≈ 0.577.

It is interesting to compare maximum absolute values of εrr and εzr: εrr/εzr = 3
√

3 ·(h/R),
i.e. at h/R larger than about 0.2, we expect to observe a bigger amplitude of εrr(r) than that
of εzr(r), regardless of pressure applied. Thin plate theory is obviously not valid any more
at such a high ratio of h/R, however, it’s qualitative results are likely to remain valid within
reasonable accuracy, up to certain extend of parameters.

4 Clamped plate with core of different thickness

4.1 z− displacement w(r)

Assume that the plate central core thickness is different, that it is ha, while it’s radius is Ra.
The external ring has thickness hb and radius Rb. We still expect that the equation (2.19)
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describes the problem. Now, however, a different set of boundary conditions must be used,
and parameter D will also be different for both parts of plate:

Da = Eh3
a/

(
12

(
1− ν2

))

Db = Eh3
b/

(
12

(
1− ν2

)) (4.1)

Two boundary conditions will have the form, as before:

p
64Db

R4
b + Cb3R2

b + Cb4 = 0

4p
64Db

R3
b + 2Cb3Rb = 0

(4.2)

And we have two additional boundary conditions at r = Ra, one that imposes that w(r)
is the same for both functions, and another that dw(r)/dr is the same for both functions, e.i.:

p
64Da

R4
a + Ca3R2

a + Ca4 = p
64Db

R4
a + Cb3R2

a + Cb4

4p
64Da

R3
a + 2Ca3Ra = 4p

64Db
R3

a + 2Cb3Ra

(4.3)

Hence, we have four equations and four unknown boundary parameters: Ca3, Ca4, Cb3,
and Cb4. This looks not bad, so far...

Solving the above set of equations gives us the following values:

Cb3 = − 2p
64Db

R2
b

Cb4 = p
64Db

R4
b

Ca3 = − 2p
64Da

[
Da
Db

(
Rb
Ra

)2
+ 1− Da

Db

]
R2

a

Ca4 = p
64Da

[
Da
Db

(
Rb
Ra

)4
+ 1− Da

Db

]
R4

a

(4.4)

We are not surprized that constants Cb3 and Cb4 have exactly the same value as these
derived from eq. (3.3); the solution for Rb ≤ r ≤ Ra does not depend on the solution for
r < Ra.

Let us write the solution for r < a in its full form:

w =
p

64Da

{
r4 − 2

[
Da
Db

(
Rb
Ra

)2
+ 1− Da

Db

]
R2

ar2 +

[
Da
Db

(
Rb
Ra

)4
+ 1− Da

Db

]
R4

a

}
(4.5)
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Intuition tells us that it should be possible to write the above formula in a similar form
as eq. (3.4), with change of some parameters. If eq. (4.5) was valid at r > Ra, its minimum
would occur at r = r0, where r0 is given by:

r20 =

[
Da
Db

(
Rb
Ra

)2
+ 1− Da

Db

]
R2

a (4.6)

The value of w0, i.e. of w(r = r0), would be:

w0 =
1

64Da
pr40 + C3ar20 + C4a (4.7)

After same basic algebra one finds that (4.5) can be written indeed in the form:

w =
1

64Da
p

(
r2 − r20

)2
+ w0 (4.8)

We see that the solution for plate with core, for r > Ra, is identical to the solution for
plate without core. This is another simple observation that helps us to understand better
properties of possible solutions of Classical Plate Equation.

4.2 r− displacement u(r)

When deriving equations for w(r), we assumed that a boundary conditions at r = Ra is that
dw(r)/dr is the same for both functions, i.e. that radial strain must be a continuous fonction
of r.

For external ring, we have already expression on u(r) as given by (4.9). We rewrite it in
the form (which is valid for r > Ra):

ub(r) =
2hb
Rb

· p

64Db
· r

Rb
·
((

r

Rb

)2
− 1

)
·R3

b (4.9)

For internal core, the equation is identical, with replacement of a few parameters (and
the equation is valid for r < Ra):

ua(r) =
2ha
Ra

· p

64Da
· r

r0
·
((

r

r0

)2
− 1

)
· r30 (4.10)

4.3 εrr(r) - radial component of strain tensor

The radial component of strain tensor is given by (3.9) for r > Ra, where Ra is core size.
While for r < Ra a modified version of that equation will hold:
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 0  0.2  0.4  0.6  0.8  1

w
(r

)

r

Internal core: R=0.5, D=0.3
External ring: R=1.0, D=1.0
Internal core: R=0.5, D=5.0

Figure 3: z− displacement w(r) computed by using equations (3.4) and (4.5). Dimensionless
units are assumed, with pressure p = 1, radius of the external ring and internal core equal
0.5 and 1, respectively, and different values of parameter D, as shown in the figure. All three
curves meet at r = 0.5 with the same values and slope.

εrr(r) =
ha
r0

· 2p

64Da
·
(

3
(

r

r0

)2
− 1

)
· r30 (4.11)

where r0 is given by equation (4.6).

5 Circular Plates of Variable Thickness

The method illustrated in previous section can be extended to calculations for any circular
plate of variable thickness, loaded symmetrically with respect to the center. The stresses
and deflections can be found as follows: The plate is divided into an arbitrary number of
concentric rings, each of which is assumed to have a uniform thickness equal to its mean
thickness. The problem becomes to determine boundary conditions that the slope of each
ring at its inner circumference is equal to the slope of the next inner ring at its outer
circumference.
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-0.001

-0.0005

 0

 0  0.2  0.4  0.6  0.8  1

u(
r)

r

Internal core: R=0.5, D=8, h=0.2
External ring: R=1.0, D=1, h=0.1

Figure 4: r− displacement u(r) computed by using equations (4.9) and (4.10). Dimensionless
units are assumed, with pressure p = 1, radius of the external ring and internal core equal
0.5 and 1, respectively, and different values of parameter D, as shown in the figure. The
curve for case with internal core of radius R = 0.5 is computed also for r > 0.5 but in reality
the valid solution for r greater than core radius is given by equation (4.9) for coreless plate.
Both curves intersect at r = Ra, assuring continuity of u(r) on the boundary of internal core
and external ring.

6 Multilayer problem

Let us go back to the equation on global equilibrium of forces, (2.11), and on D, (2.12). That
last formula is valid also when Young’s Modulus E and/or Poisson’s ratio ν change accross
the plate thickness, i.e. when both are functions of z. Just remember only that (2.11) is
used to derive global equilibrium of force moments, and therefore the integration there must
be done between −h/2 and h/2, where h is the thickness of all layers combined: In case of a
set of discrete layers, h = Σihi.

For simplicity, let us consider a situation of two layers, of thickenss h1 and h2, where
h1 > h2, and corresponding Young’s and Poisson’s parameters are, respectively, E1, ν1, and
E2, ν2.

We ought now to define D for equation (2.13) in the following manner, different than
that given by (2.12):
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External ring: R=1.0, D=1, h=0.1

Figure 5: The strain tensor component, εrr, as a function of r computed by using equations
(3.9) and (4.11). Dimensionless units are assumed, with the same parameters as in Fig. 4.

D =
∫ h1−h/2

−h/2

E1z2

1− ν2
1

dz +
∫ h/2

h1−h/2

E2z2

1− ν2
2

dz (6.1)

Defining si = Ei/(1− ν2
i ), we get:

D = (s1/3) · z3|h1−h/2
−h/2 + (s2/3) · z3|h/2

h1−h/2 (6.2)

7 Anisotropy

7.1 Isotropic Elliptical Plate

Intuition tells us that solutions to Classical Plate Equation (2.13) for an anisotropic material
(two sets of properties, like Young’s modulus and Poison’s ratio, in two principal directions,
x and y) should be identical to these for isotropic plate, with some change of parameters,
and that these solutions should envolve elliptical geometry.

Consider first an elliptical solution to Eq. (2.13) in Cartesian coordinates, with ∇4 defined
by Eq. (2.14). We find that the following solution is valid:
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w = w0 ·
((x

a

)2
+

(y

b

)2 − 1
)2

(7.1)

with w0 given by:

w0 =
p

D
(
24/a4 + 24/b4 + 16/a2b2

) (7.2)

7.2 Anisotropic Circular Plate

The case is toooo complex...!!!
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8 Comsol solutions

8.1 Comparing Analytical Thin Plate Solution and Comsol Com-
puted Results

In this subsection, we are testing how good is Analytical Thin Plate Solution depanding on
plate thickness.

We use here the following parameters of an isotropic material (these are for Titanium;
values for E and ν in Comsol are incorrect for Titanium): E = 106GPa and ν = 0.34

 0

 0.5

 1

 1.5

 2
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 0  0.2  0.4  0.6  0.8  1

w
(r

)

r

h=0.051
h=0.01
h=0.13
h=0.17
h=0.2

h=0.25
h=0.3
h=0.4
h=0.5
h=0.6
h=0.7

Figure 6: FEM computed z− displacement w(r) for a plate fixed at the edges, for a range of
thickness h values. Equations (3.4) and (2.12) were used to normalize w(r) with computed
values of w(r = 0). In order to avoid large deformations, low pressure was assumed.

As Figures 6 and 7 show, a nearly perfect agreement is observed between analytical
results for thin-plate and simulation by Comsol software, when the plate thickeness is less
than about 0.1, e.i. less than about 10% of plate radius. For larger thickenesses, starting
at around h = 0.1, thin-plate analytical solution deteriorates significantly from the results
of computer simulation. We observe that the analiticaly computet values of w(r) and u(r)
become much lower that the computer-modelled one.
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Figure 7: FEM computed r− displacement u(r) for a late fixed at the edges, for a range of
thickness h values. Equations (3.4) and (2.12) were used to normalize u(r) with computed
values of u(r = 1/

√
3), where maximum of absolute value is found according to thin plate

theory. In order to avoid large deformations, low pressure was assumed.
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8.2 Multilayers
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Figure 8: z−displacement w(r) computed by FEM method for a two-layer plate with fixed
external boundary. Results shown are at the upper surface of the upper layer. The lower
layer is of thickness h = 0.51, and the upper layer has several values of thickness s ranging
from 0.025 to 0.150, as shown in the figure. The Young modulus is E = 10693.2 Pa and half of
that value, for lower and upper layers, respectively, and Poisson ratio ν = 0.33, the same for
both layers, has been assumed. With pressure as low as 0.01 Pa, a linear response is assured.
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Figure 9: z−displacement w(r) normalized by w(r = 0), where w(r = 0) is computed by using
thin plate theory and equation (6.2) for a two-layer case. Data used are exactly the same as
in Figure 8.
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8.3 The role of external boundary

The role of external plate boundary and boundary conditions has been modeled with FEM
on geometry as shown in Figure 10.

2 R

D

w

h

H

w

C

c

v

Figure 10: An axially symmetric plate model of diameter 2R, joined to a supporting tube of
diameter D made of the same material. The tube walls have thickness w (with 2R + 2w = D).
The plate itself has thickness h (with h + v = H). The plate may have an inner core of
diameter C and thickness c; The parameter c value may be equal to 0. The studied element
is assumed to be fixed at the bottom (black thick lines). The outer surface of supporting
tube (red thick lines) is assumed either as free or fixed, as described in the text.
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Figure 11: The role of wall thickness (w) is studied in case of external wall set to be free,
when no internal core is present (c = 0). The strain tensor component, εrr, as a function of r

computed by FEM is drawn. The most upper curve is for reference and has been computed
with edges fixed at r = 1. Other curves, counting from bottom, are in increasing order of w.
Plate thickness is h = 0.2. Refer to Figure 10 for explanation of parameters used.
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Figure 12: The role of wall thickness (w) is studied in case of external wall set to be free,
when no internal core is present (c = 0). The strain tensor component, εφ, as a function of r

computed by FEM is drawn. The most upper curve is for reference and has been computed
with edges fixed at r = 1. Other curves, counting from bottom, are in increasing order of w.
Plate thickness is h = 0.2. Refer to Figure 10 for explanation of parameters used.
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8.4 The role of internal core
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Figure 13: The role of internal core diameter C on the strain tensor component, εrr. Plate
thickness is h = 0.2. The most upper curve, when there is no core inside, is drawn for
reference. The curve that crosses each other has the diameter C/2 = 1, that is the diameter
of plate. It represents the ultimate shape of all curves for εrr(r) when core size tends to
the maximum possible value. Plate thickness h is 0.2. Refer to Figure 10 for explanation of
parameters used.
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Figure 14: The role of internal core diameter C on the strain tensor component, εφ. Plate
thickness is h = 0.2. The most upper curve, when there is no core inside, is drawn for
reference. Plate thickness h is 0.2. Refer to Figure 10 for explanation of parameters used.
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Figure 15: Studying εrr(r) on core hight c. The core radius is 0.3, and the plate thickness is
h = 0.2. The most upper curve, when there is no core inside, is drawn for reference. Refer to
Figure 10 for explanation of parameters used.
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Figure 16: Studying εφ(r) on core hight c. The core radius is 0.3, and the plate thickness is
h = 0.2. The most upper curve, when there is no core inside, is drawn for reference. Refer to
Figure 10 for explanation of parameters used.
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8.5 Shaping εrr(r) of the internal core

e

h

d

f

A B C

Figure 17: Diameters A = 0.2, B = 0.4, and C = 0.6. Thicknesses are d, e and f . Plate thickness
is h
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Figure 18: The strain tensor component, εrr(r), is drawn near the plate center, where the
internal core playes crucial role in εrr(r) dependance. Parameters used are as these described
in Figure 17: Diameters A = 0.2, B = 0.4, and C = 0.6. Thicknesses d and e are both equal to
0.01, while f is as shown in the figure. Plate thickness h is 0.2. The curve, when there is no
core inside, is drawn for reference. For f = 0.003, within accuracy of calculations, a perfectely
independent on r (for r less than about 0.15) strain tensor is observed.
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8.6 Position of Maximum in εrr(r).
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Figure 19: The strain tensor component εrr(r), normalized by plate thickness h, for several
values of plate thickness, when p = 1Pa, E = 10693Pa, and wall thickness w = 2.5. The
strain tensor component is shown at the upper plate surface. The geometry and meaning of
parameters is the same as in Figure 10 (there is no core in this case, i.e. c = 0, and H = 1 was
assumed). εrr(r) scales as 1/h2 in classical thin plate theory, therefore, all the data are scaled
in this figure by multiplying εrr(r) by h2, in order to have an easier comparison between
different curves (the absolute magnitude of εrr(r) varies for around 100 times between h = 0.1
and h = 1).

Of important interest to us is the position of maxima in εrr(r).
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Figure 20: The strain tensor component εφ(r), normalized by plate thickness h, for several
values of plate thickness, when p = 1Pa, E = 10693Pa, and wall thickness w = 2.5. The
strain tensor component is shown at the upper plate surface. The geometry and meaning of
parameters is the same as in Figure 10 (there is no core in this case, i.e. c = 0, and H = 1
was assumed). εφ(r) scales as 1/h2 in classical thin plate theory, therefore, all the data are

scaled in this figure by multiplying εφ(r) by h2, in order to have an easier comparison between
different curves (the absolute magnitude of εφ(r) varies for around 100 times between h = 0.1

and h = 1). Thin plate limit is drawn also for comparison: εφ(r) = u/r = 2h · p
64D ·

(
r2 − 1

)
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Figure 21: The position of maxima in εrr(r), Rmax(h), for various wall thickness (parameter
w in Figure 10). Calculations were performed for exactly the same conditions as these in
Figure 19. The lines are only to guide eyes, though we expect that there exists a simple
mathematical formula that would fit well the data for every value of w, and that such a
formula would scale in a simple manner with w. In case of wall thickness w = 2.5 and w = 4.5
the results coincide well together, representing a limit of flow on εrr − r plane. The set of
results shown allows to estimate position of maximum for any combination of parameters
(w, h), and, in more general, for any cell of similar shape as long as the ratio R/H remains
equal to 1.
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8.7 The role of boundary conditions on external surface of the
wall.
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Figure 23: The external surface of the wall is fixed and εrr(r) is compared with corresponding
εrr(r) dependence when that surface is free.
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Figure 24: The external surface of the wall is fixed.
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8.8 ”Real” sensors - εrr(r), εφ(r), and the role of external boundary
conditions.
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Figure 25: The strain tensor component εrr(r), for several values of plate thickness S (in mm,
as, shown in the figure, when p = 1Pa, E = 10693Pa, for a ”real” membrane.
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Figure 26: The strain tensor component εφ(r), for several values of plate thickness S (in mm,
as, shown in the figure, when p = 1Pa, E = 10693Pa, for a ”real” membrane.
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Figure 27: The strain tensor component εrr(r) ·S2, for several values of plate thickness S (in
mm, as, shown in the figure, when p = 1Pa, E = 10693Pa, for a ”real” membrane.
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Figure 28: The strain tensor component εφ(r) · S2, for several values of plate thickness S (in
mm, as, shown in the figure, when p = 1Pa, E = 10693Pa, for a ”real” membrane.
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Figure 29: The strain tensor component εrr(r), for several values of plate thickness S (in mm,
as, shown in the figure, when p = 1Pa, E = 10693Pa, for a ”real” membrane.
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Figure 30: The strain tensor component εφ(r), for several values of plate thickness S (in mm,
as, shown in the figure, when p = 1Pa, E = 10693Pa, for a ”real” membrane.
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8.9 Testing the range of linear pressure dependance

The titanium alloys may have a tensile elastic limit strength of 950 MPa or more, and an
elastic deformation capability of 1.6% or more.

Yield strength for grade-2 Titanium is ”only” 275MPa. Alloys of Titanium may have
about 4 times higher yield strength. From another source: the elastic limit is of the order
of 500 MPa for some Ti-Ni alloys. The not so well defined proportional limit is however
significantly lower than the elastic limit.

We can safely assume that any calculations based on linear strain-stress depandence
must be error-prone for pressures larger than around 100 MPa. Unless we know very well
mechanical properties of Ti-alloys used.
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Figure 32: w(r) normalized by pressure (in Pa), for several values of pressure applied, 1000 Pa,
10 MPa, 20 MPa, 50 MPa, 100 MPa, and 200 MPa, for curves from top to bottom, as described
in the Figure. If linear theory was valid, w(r)/p would be independant of pressure applied and
all curves would coincide perfectely. A merely noticable departure from linearity is visible
already at pressures around 10 MPa, and at higher pressures, the nonlinear contribution
increases dramatically. Plate thickness is h = 0.1.
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Figure 33: w(0) as a function of pressure, normalized by pressure in such a way that w(0) = 1
is obtained at pressure of 1000 Pa, e.i., the normalization is of the form w(0)/p[Pa]/w(at r =
0 for 1000 Pa) ∗ 1000. We see that a systematic, significant departure from linear theory
starts at pressures around 10− 20 MPa, which corresponds to deflaction at the center of the
order 1.0% − 4.0%, At higher pressures, the nonlinear contribution increases nearly linearly
with pressure applied. We do not expect that calculated results remain valid for pressures
of around 100 MPa or above - at these pressure ranges the material properties become too
close to the elastic and linear-response limit of Titanium. Plate thickness is h = 0.1.
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Figure 34: A difference between normalized w(0) at near-zero-pressure (strictly, at pressure
of 1000 Pa), and actual normalized w(0) as a function of pressure. The normalization is
of the form w(0)/p[Pa]/w(at r = 0 for 1000 Pa) ∗ 1000. While at higher pressures, as shown
in Figure 33, the nonlinear contribution increases nearly linearly with pressure applied, at
these relatively low pressures shown, the nonlinear contribution changes nearly as a square
of pressure applied. The solid curve in the Figure is the best fit to the data and is described
by: 0.0005− 1.22 · 10−16(p− 1500000)2. Plate thickness is h = 0.1.
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8.10 Maximal Stress

Material brakes (passes through elastic response limit) after certain critical stress value,
which is called yield stress, and which is characteristic for every material. Yield stress (called
also tensile strength) value is known for commonly used materials, and in particular, in case
of metals and many of metal alloys. For titanium alloy used as the membrane material
here, tensile strength exceeds 1000 MPa at room temperature. However, it does not exceeds
much that value and with increasing temperature tensile strength may drop significantly.
Therefore, a value of 1000 MPa should be considered as an ultimate, and not even a safe
value. A real device may be not able to sustain stresses even as high as that.

One of the used criterions of computing when material brakes is based on so called von
Mises criterion, which takes into account that material becomes plastic at even lower stresses,
if additional stresses are applied in other directions.

A physical interpretation of von Mises criterion suggests that yielding begins when the
elastic energy of distortion reaches a critical value.

Von-Mises stress is shown in Figure 35 for a model of geometry close to the real one.
Refer to Figure 10 for explanation of parameters used. Units are in millimeters: D = 9.2,
h = 0.51, C = 2.8, R = 2.9, c = 1.49, H = 4.0.

We plot here von-Mises stress at the surface, and at the plate center and the bottom of
plate (z = 0 corresponds to the upper surface, while z = −0.51 to the plate bottom).

Pressure applied is 1MPa, and material parameters are these as used for Titanium:
E = 106MPa and ν = 0.34.

The graphs are normalized by applied pressure (which is 1MPa in this case). The reason
for that is to show how much stresses inside of the material can be larger than the applied
pressure, e.i. in other words, the stresses shown are in units of the applied pressure.

Huge peaks near the core and plate boundaries are probably due to inaccuray in calcu-
lations. Nevertheless, as these data show, one should expect stresses inside of the material
larger at least 10 or 20 times of the applied pressure.
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Figure 35: Refer to Figure 10 for explanation of parameters used. Units are in millimeters:
D = 9.2, h = 0.51, C = 2.8, R = 2.9, c = 1.49, H = 4.0. von-Mises stress at the surface, and at the
plate center and the bottom of plate (z = 0 corresponds to the upper surface, while z = −0.51
to the plate bottom). Pressure applied is 1MPa, and material parameters are these as used
for Titanium: E = 106MPa and ν = 0.34. The graphs are normalized by applied pressure.
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Figure 36: A typical deformation cross-section for parameters as described in Figure 35. The
deformation is not to scale, and much exagerated in magnitude, for a better illustration. The
right color map describes the absolute magnitude of deformation. The applied pressure is
1MPa.
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Figure 37: Von Mises stress near the corner formed by plate and hard core (x = −1.4 and
y = 3.49, in mm), for parameters as described in Figure 35 and the applied pressure of 1MPa.
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8.11 Plate with solder on the surface

Solder thickness on real device is around 0.04mm. We do not know it’s Young modulus and
Poison ratio, and, for modeling purpose, we assume arbitrarily, E = 30 GPa, and ν = 0.34.
We assume cell dimentions as in Figure 10, with the following values of parameters (in mm):
D = 9.2, h = 0.51, C = 2.8, R = 2.9, c = 1.49, H = 4.0. Solder layer is assumed to have radius of
4.6.
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Figure 38: The strain tensor component, εrr(r), when solder layer is present, for several
values of solder layer thickness s, as shown in the figure. Parameters used are as these
described in the text.

8.12 Contribution of Residual Thermal Stress

Residual Thermal Stress (and residual thermal strain) occur when a structure of two or
more materials that were tightely joined together at one temperature and after that the
temperature has changed, while their thermal expansion coefficients are different.
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Figure 39: The residual strain tensor component, εrr(r) is modeled at the surface after
cooling from temperature of melting point of solder to room temperature (e.i. from 972K

to 300K). The upper layer has a higher Young modulus (E = 42800Pa, ν = 0.33, thickness
0.05), and it is fixed to the entire surface of a cell shown in Figure 10 (with no core). Cell
internal radius is 1, thickness is h = 0.2, material Young modulus is 4 times lower than that
of the upper layer, with E = 10693Pa and ν = 0.33. Thermal expansion of the upper layer is
7.77−6/K and of the lower one is 10.41−6/K (which corresponds, respectively, to approximate
effective thermal expansion coefficients of Sapphire and Titanium, respectively). The upper
layer contracts less during cooling than cell material. The effect of wall thickness w (with
values of w as shown in the figure) is studied.
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Figure 40: The strain tensor component, εrr(r) as modeled at the surface, including residual
strain due to cooling from temperature of melting point of solder to room temperature (e.i.
from 972K to 300K), after pressure p of several values (as described in the Figure) is applied.
The geometrical model is identical to that one described in Figure 39. Wall thickness w = 1.0.
The z−displacement maximum for the case when p = 0 is around of 2% of the inner cell radius
r = 1. At around these or larger deformations one should expect the presense of the onset
of nonlinear effects, however, as shown in the next figure, nonlinearities do not play yet a
significant role.
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Figure 41: The strain tensor component, εrr(r) after the residual thermal strain is subtracted
and normalization is done by the applied pressure p, for pressure values as shown in the figure.
The data are the same as these in Figure 40. Small nonlinearities are visible already at these
pressures, however, the results demonstrate clearly that the strain observed is a direct sum
of contribution due to thermal effects and the one due to applied external pressure.
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8.13 Appendix A

8.13.1 Particular solutions of the biharmonic equation [10]

w(x, y) = (A · cosh(βx) + B · sinh(βx) + Cx · cosh(βx) + Dx · sinh(βx)) (a · cos(βy) + b · sin(βy)) (8.1)
w(x, y) = (A · cos(βx) + B · sin(βx) + Cx · cos(βx) + Dx · sin(βx)) (a · cosh(βy) + b · sinh(βy)) (8.2)

w(x, y) = A · r2 · lnr + B · r2 + C · lnr + D, r =
√

(x− a)2 + (y − b)2 (8.3)

8.13.2 Boundary value problems for the upper half-plane

Domain: −∞ < x < +∞, 0 ≤ y < +∞. The desired function and its derivative along the normal
are prescribed at the boundary:

w = 0 at y = 0, ∂w/∂y = f(x) at y = 0

Solution:

w(x, y) =
∫ +∞
−∞

f(ζ) ·G(x− ζ, y)dζ, G(x, y) =
1
π

y2

x2 + y2 (8.4)

Domain: −∞ < x < +∞, 0 ≤ y < +∞. The derivatives of the desired function are prescribed
at the boundary:

∂w/∂x = f(x) at y = 0, ∂w/∂y = g(x) at y = 0.
Solution:

w(x, y) =
1
π

∫ +∞
−∞

f(ζ) ·
[
arctan

(
x− ζ

y

)
+

y(x− ζ)
(x− ζ)2 + y2

]
dζ +

y2

π

∫ +∞
−∞

g(ζ)dζ

(x− ζ)2 + y2 + C (8.5)

where C is an arbitrary constant.
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