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1 Introduction

1.1 Modeling with COMSOL Multiphysics

COMSOL Multiphysics is a multiphysics modelling software based on the finite element
method (FEM)

1.2 Properties of Titanium Alloys

1.2.1 Chemical Composition and Structure of Titanium Alloys

The Titanium alloy used for membrane is BT9. You can find properties of this alloy on:

Xapakrepucrnka marepuasia BT9 From: Mapounuk cranu u citaBos (www.splav.kharkov.com)
Knaceundukamnus : Turanossiii medpopmupyemsbiii citas [Ipumenenne: merasn, padboTaroline
npu Temreparype ;0 500°C; kjacc o CTpyKType a + 3

KPUCTAJIIMYECKYIO CTPYKTYPY MOYKHO IPEJICTaBUTH cebe KakK (hU3MYecKu OHOPOIHOE
TeJIO, B KOTOPOM aTOMBI PACMOJIAraioTcs B mepuoandeckom nopsake. [lomobnoe pacmosozxe-
HUE aTOMOB ompejesseT (pusndeckre cBOHCTBA MeTa/JIoB. MeTasibl KPUCTALIN3YIOTCS 110
OoJiblileil yacTu B KyOM4YeCKOH OO'beMHO-IEHTPUPOBAHHONW WJ/IM I'DAHENEHTPUPOBAHHONW U B
MeKCaroHaJIbHOM IJIOTHO YIIAKOBAHHON pelleTKax.

10 Temmeparypbl 0Koi0 882°C TuTaH WMeeT IJIOTHO YIMAKOBAHHYIO TE€KCATOHAJIBHYIO
CTPYKTYPY, U3BECTHYIO 110/l Ha3BaHueM a-Mojudukanuu. Temueparypa nojuMop@HOro a «
b -peBpamienus cocraniger 882°C. BbICOKOTEMIIEpATYPHYIO Mo uKaIuio b -Tutana ¢ Ky-
OnvecKoit 00beMHO-IIEHTPUPOBAHHOT PeIeTKO.

Xumudeckuii cocras marepuaJjia BT9
[Ipumeuanue: Ti - ocHoBa; mporeHTHOE cojaepzKkanne 11 gaHo TpubIN3UTETHHO

Fe - up to 0.25
C-upto0.1
Si- 0.2-0.35
Mo -2.8-3
N - up to 0.05
Ti - 86.785 - 90.4



Al - 5.8-7

Zr - 0.8-2

O -up to 0.15
H - up tp 0.015
Other - 0.3

1.2.2 The Tensile Strength of Titanium Alloys

Mechanical properties at 20°C: sB 1050-1300 MPa (IIpeaes KpaTKOBPEMEHHON MPOYHOCTH;
Tensile strength) d5 8-16y 25-45E 118 MPa (Moumysb ynpyroctu mepBoro poja)

[Ipu nosbiiernn remueparypst 10 250°C npoYHOCTH TUTAHA CHUKAETCS MOYTH B 2 pa-
3a. OmHako Kapomnpounble Ti-cIIaBbl MO YAeTbHOH MPOYHOCTH B WHTEPBAJE TeMIeparyp
300-600°C me mmeroT cebe paBubIX; pu Temreparypax Bbime 600°C crnaBel THTaHA yCTY-
MaloT CIIJIaBaM HA OCHOBE KeJle3a W HUKE.

MexaHnvecKkre CBOHCTBA MPYTKOB 3 TuTaHoBbIX ciiasoB ([OCT 26492-85) (BT9):
B CKO6KaX npuBeJeHbl JaHHBbIE JJId TPYTKOB IMOBBIIMMIEHHOI'O KavYeCTBa.

[Ipenen npounoctu s, MITa 980 (1030-1230)
Ornocurenbroe yamuuenue d 7(9)
OrnocuresbHoe cyzxkenne y 16(28)

Vnapuas Bsaskoctb KCU, [Tk /em2 25(30)

The tensile strength of titanium and its alloys at ambient temperature ranges from 240
MPa for the softest grade of commercially pure titanium to more than 1400 MPa for very
high strength alloys. Proof strengths vary from around 170 to 1100 MPa according to grade
and condition.

As a figure shows, tensile strength will gon down nearly linearly with temperature for
most of alloys that have large tensile strength, with a slope of around 1000 MPa /1000 degrees.
Hence, if alloy had a tensile strength of 1000 MPa at 0 degreess, it will go to around 500
MPa at 500 degrees.

0.2% Proof stress goes down slower, about 2 times, with a slope of the order of 500
MPa/1000 degrees

Typical elongation values for titanium and its alloys do not change much with
temperature, for alloys of interest, and temperatures below 500 degrees.

1.2.3 Thermal expansion coefficient of Titanium and its alloys.

T(°K) | 200 | 293 | 500 | 800 | 1100

ap; | 74186199 | 11.1] 11.7

For the purpose of numerical modeling, it is desirable to have a simple approximation of
a(T). A good approximation is obtained with the following function:



oT)=ag+ 8- (T-Ty)7, (1.1)
where ag = 6.91, 8 = 0.35, Ty = 236.4, and ~ = 0.39.

1.3 Solder Ilcp72

Solder is IIep72. Some properties you can find on pages: Cepe6po 72%, Meab Ocraabao

Silver-Copper Eutectic Alloy (72Ag-28Cu), Cold Drawn then Annealed at 250° C:
Tensile Strength, Ultimate 345 MPa
Elongation at Break 9.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), Cold Drawn then Annealed at 350° C:
Tensile Strength, Ultimate 355 MPa
Elongation at Break 11.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), Cold Drawn then Annealed at 550° C
Tensile Strength, Ultimate 460 MPa
Elongation at Break 22.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), Cold Drawn then Annealed at 700° C
Tensile Strength, Ultimate 540 MPa
Elongation at Break 28.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), 10Tensile Strength, Ultimate 415 MPa
Elongation at Break 7.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), 20Tensile Strength, Ultimate 450 MPa
Elongation at Break 5.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), 30Tensile Strength, Ultimate 475 MPa
Elongation at Break 5.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), 50Tensile Strength, Ultimate 520 MPa
Elongation at Break 5.00

Silver-Copper Eutectic Alloy (72Ag-28Cu), 70Tensile Strength, Ultimate 590 MPa
Elongation at Break 4.00

Copper Young modulus 17E6 PSI
Silver Young modulus 83 GPa

Tonmunua ciaost mpuniost [ICp 72, 0.04 £ 0.01mm
Temmneparypa mnasaenusa 779°C

1.3.1 Coefficient of Thermal Expansion of Solder Ilcp72

There is no known to us data on thermal expansion coefficient of alloy [Icp72. However,
assuming that it is that as of combination of thermal expansion coefficients of Silver (« Ag)
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and Copper («y,) should give us a sufficiently good approximation. The table shows these
coefficients ([2]), and a computed value a = 0.72- a4, +0.28 - a¢,, for several temperatures (in

units of 1076/K).

T(°K) | 200 | 293 | 500 800 | 1100

apg 17.8 | 18.9 [ 20.6.5 | 23.7 | 27.1

acy | 152 [ 165 | 183 | 20.3 | 23.7

a 17.07 | 18.2 | 20.0 | 22.75 | 26.15

We find that the following approximation for «(T) is good for the temperature range
from 200K to 1100K:

oT) =ag+op- T (1.2)
where T is in Kelvin degrees, ag = 15.13-1079/K, and aj = 0.01-1076/K2.

1.4 Sapphire Mechanical Properties
Sapphire (Al903) has a rhombohedral type structure and is a highly anisotropic material,
with properties that are largely dependent on crystallographic orientation.

Tensile Strength: 400 MPa at 20 °C, 275 MPa at 500 °C, 355 MPa at 1000 °C

Young’s Modulus, E 435 GPa // ¢ at 25 °C and 386 GPa // ¢ at 1000 °C Poisson’s Ratio
0.28-0.33

A trigonal crystal is known to have six independent elastic constants, as shown in the
following equation:

o11 Ci1 Ci2 Ci3 Cig O 0 €11
792 Ci2 €11 Ci3 —Ciy O 0 €22
o33 _ |€13 C13 C33 0 0 0 £33 (1.3)
793 Cig =Cryg 0 Cyy O 0 723
013 0 0 0 0 Cy C14 713
o12] | O 0 0 0 Cuy %(011—012)_ 712

where engineering notation is used: 19 = 2e19, 713 = 2213, and 93 = 2e93.
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Figure 1: Crystallographic structure of sapphire, Aiy03. Lattice parameters (at 20° C) are
a = 47584 and ¢ = 12.991A. R-plane coordinate system results by rotation of coordinate

system (21,z9,73) by an angle ¢ along the xy axis. After simple calculations, we find that

the angle ¢ is equal to 57.11°.
(C11,C33,Cy4,C12,C13,C14)

(1960) give the following values:

Wachtman et. al.
(496.8,498.1,147.4,163.6,110.9, —23.5) GPa, where z; and z3 axes are perpendicular to a— and

c— planes of the crystal, as shown in Figure 1.
We however need stiffness tensor parameters for a rotated coordinate system, as shown

in Figure 1, where two Cartesian coordinates (z,y) are within the R—plane and the third one

(2) is perpendicular to that plane.

Transforming vectors is trivialy simple.
For a general rotation transformation, when rotation occurs along each of axes, we have

the following transformation matrix R for vectors:



cosa - cosf + sina - sinf - sinf3 sina - sinf —cosa - sinf + sina - sind - cosf3

—sina - cosf + cosa - sinf - sinf3  cosa - cos  sina - sinf + cosa - sinf - cosf3

cosb - sinf3 —sinf cosb - cos3

In particular, in case that interests us, when rotation is along x; axes only, as in Figure
1, we have the following transformation matrix for vectors:

0 cos sinf

0 —sinf cosb

Transforming tensors under rotation is somewhat more complex.

In new (z,y,z) coordinates (refer to Figure 1), stiffness tensor C, defined by (1.3), will
have the form: ¢’ = Q—TcQ~!, where Q is rotation matrix [9, 5].

An ij element of transformation matrix Q, Qi = 4jj, s computed as a product of two
products of unit vectors before and after transformation, each of them with proper indexes.

These indexes depend on indexes of transformed o;; (ij in this example), and on indexes
of strain tensor ez, on which ¢;; acts on.

Schematicaly: if o;; — ey, than parameter of matrix Q at the proper place will be equal
to &2 - &&m = a;), - ajyy, (refer to Equation (1.3) for available indexes).

Hence, we have for Q:

ro2 2 2

atq afy afs 2a12a13 2@11&13 2&12@11
a§1 a3 a%g 2ag2a23 2a21a23 2a91a92
Q=| %1 azg ass 2a39a33 2a31a33 2a31032 (1.6)

agla3z] a2a32 G93a33 a22a33 +a3a3y a1a33 +agzazl a1a3n +a3zag]
aj1a3l a12032 a13a33 a12033 +aizazy a11033 +aj3azl  a11a32 +a12a31
La11a21 a12a22 613023 412093 +a13ag2 611423 +a13a21 411492 +a12a21]

Let us notice now that products of unit vectors are given by matrix R, (1.4).

Hence, we have:



1 0 0 0 0 0
0 Cc?2 §2 208 0 o0
o s2 ¢z 208 0 0 (L.7)
Q=10 05 05 2-52 0 o '
0o 0 0 0 c -8
o 0 o 0 s C |

where C stands for cosf and S for sinf.
The inverse transformation is obtained by changing sign of sinf.

Now, we may compute C' = Q- TcQ~1, obtaining the following parameters of trans-
formed matrix (not listed items are equal to 0) 1:

1= C
‘11 = Ml
0/12 = co0s20- C19 + sin20 - C13+0.5-sin(20) - C14
d 3= sin26 - Cio + 026 - C13 — 0.5 - sin(20) - Cq4

1

iy = —sin(20) Cg + sin(26) - C13 + cos(26) - C14
;oo

1~ ‘2

0/22 = co0s26- Ci11+2- sin26 - cos20 - C13 — 0.5 - sin(20) - sin26 - Cig + sind - Cs33
+c0s20 - sin0 - Cyy
ha = sin0-cos20-Cqq + 4p int9) . C
93 11 + (cos™0 4 sin™0) - C13
+0.5 - s5in(20) - cos(20) - C14 + sin20 - cos20 - Csg — c0s20 - sin’0 - Cyy

0/24 = —0.5-sin(20) - c0s20 - C11 +0.5 - 5in(20) - cos(20) - C13 + (200529 - sin26 — cos46‘) -C14
+0.5 - 5in(26) - sin20 - C33 + 0.5 - sin(20) - cos(20) - Cyy
/ /
327 “23
0/33 = sint. C11 + 2c0526 - sin’0 - C13 + sin(20) - sin20 - C1q + cos6 - C33 + c0s20 - sin’0 - Cyq
cé4 = —sin(20) - sin20 - C11 +0.5 - sin(20) - sin26 - C13 — sin(20) - c0s20 - Ci3 — sin20 - (300820 - sin29) -C14
+sin(20) - c0s20 - C33 — 0.5 - cos(20) - sin(20) - Cyy
A=
n_M
0%2 - C,24
€43~ “34

0214 —  92c0520 - sin2p - C1q - 4c0s20 - sin’0 - C13+ 3 cosb - sinb - cos(20) - C14 + 2c0820 - sin20 - C33 + cos(29)2 - Cyy
0/55 = co0s20- Cyq — sin20 - 0.5(C11 — C19)
ctg = 0.5-sin(20) - Cyy + cos(20) - C14 — 0.5 - sin(20) - 0.5(C11 — C19)
_
‘65 =~ 56
che = sin®0- Cyy + sin(20) - C1q + cos®0 - 0.5(Cy1 — Cya)
(1.8)

!Matrix manipulation has actually been done by custom designed, simple Perl script that can perform
symbolic manipulation on matrices, generating as an ouput a text as well, that can be used either for
subsequent computation or in LaTeX.



Please note that above, indexes in Cij denote ij— element in transformed C’ matrix, not
new value of stiffness parameters (though one may coincide with the other one).

Numerically, for angle § = 57.11°:

[ 496.8 115.72  158.78 —38.42
115.72 47847 24539 —29.496
158.78  245.39  351.97 20.62

c =
~38.42 —29.496 —20.62  359.49
0 0 0 0
0 0 0 0

0
0
0
0

—74.01
0.886

0
0
0
0
0.886

131.63]

MPa (1.9)

These results may be used for input into Comsol when considering fully anisotropic

situation.

However, using FEM in Comsol is much more efficient in terms of CPU time, and much
more accurate, when geometricaly symmetric problems are studied, possibly in reduced
dimentions (2D rather than 3D). Mechanical properties of sapphire are actually fully sym-
metric in z-plane (it is orthotropic material with transverse symmetry). Moreover, since
stiffness parameter Cg3 is nearly identical with Cj1 = Cy9, we do not expect huge differences
in mechanical properties between z-plane and planes perpendicular to it.

Engeeneers by convention are used to engeneering parameters in their calculations. The
engineering constants are related to the components of the stiffness tensor by (for orthotropic

body):

B =
Ey =
Eq =
1=
vi2 =
31 =
3=

2 2 2 2
€11¢22¢33 +2¢23¢12¢13 — €11€93 — €22¢13 — €33¢12 /{c11e33 — 13

2 2 2 2
5011622033 +2¢93¢12¢13 — €11¢53 — €22€13 ~ €33€79 / (c22¢33 — 3

c1109¢33 + 2093¢12¢13 — €1135 — 22633 — €33¢35 ) / (11022 — 3

(c12¢33 — c13¢23) / (11033 — i3
(c12033 — c13023) / (22633 — ¢33
(c13092 — c12¢23) / (11622 — c1
(
(
(

2
€11¢33 — ¢13

2
€11€22 — ¢192

€11¢23 — €12¢€13
€11€23 — €12¢€13
€44
€55
€66

)
)/
caac13 — c12¢23) / (c22033 — ¢35
)/
)/

(1.10)

Figure 2 shows angle depandence for Eq(6), E5(6), E3(6), where 6 is angle between z— and

z3— axes for rotation along z— axes, computed with Equations (1.10).

For R—plane, in M Pa:
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Figure 2: Angle depandence for Eq(6), E5(6), E3(9), where 6 is angle between z— and z3—
axes for rotation along z— axes, computed with Equations (1.10)
B} = 468.66
Eo = 338.82
Bg = 226.04
vo1 = 0.012
v19 = 0.016
Vg1 = 0.212 (111)
13 = 0.440
V93 = 0.692
v39 = 0.462
G23 = 359.49
G13 = —74.01
G19 = 131.63

For completeness, we provide also a complianse matrix S’ that may be obtained from
(1.4) for orthotropic material, with E;, v, and Gy, defined by Equations (1.10):
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0
0
0

1/Ey
—ny/Ex
—sz/Ea?

—vyz/Ey

1/Ey

—vyz/Ey

0
0
0

—sz/Ez
—sz/Ez

1/E,

0
0
0
1/2Gyz
0
0

o o O

0

1/2G 2y

0

o O o o

0

1/2Gzy |

(1.12)

Because of symmetry of compliance matrix, the following conditions must be satisfied:
vyz/By = vay/Ex, vea/Ez = vaz/Ex, vay/Ez = vyz/Ey. These conditions may be used as an

additional criterion for checking of consistency of calculations.

1.5 Thermal Expansion Coefficient of Sapphire

TCK) | 200 | 293 | 500 | 800 | 1100
aﬂg 4148|7989 98
PP
1
ale 130|166 74|83] 91

For sapphire along R—direction [3] (National Institute of Standards and Technology
Reference Data):

T(°K)

ar

293

5.38

300

0.48

350

6.12

400

6.61

450

7.0

500

7.32

950

7.59

600

7.82

650

8.02

700

8.20

750

8.37

800

8.52

900

8.79

1000

9.05
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A good approximation on thermal expansion coefficient along R—direction, ap(T), is
obtained with Equation (1.2.3), with parameters ag = —27.9, 8 = 26.46, Tjy = 195.1, and ~ = 0.05.

The Thermal Expansion Coefficient along r—direction is however a combination of values
along c—axis and these perpendicular to c—axis:

ar = 0032(9) Q) + sin2(0) oy

(1.13)

There are some inconsistences between values of |, ap found in literature. We will

assume that Reference [3]| provides accurate data. We will take temperature-dependent
anisotropy deduced from the data published in CRC Handbook ([1]), instead of the values of
o and o | from there and based on these two sets of data and Equation (1.13), we compute

parameters Q and o .

Anisotropy a(T) = ol /a| above 200K is sufficientely well approximated by function:

12

a(T)=06+¢/T"

(1.14)



where § = 1.09, ¢ =8.74, x = 0.88, and temperature 7 is in Kelvins.

Therefore:
a) = or(T) 1.15
- a(T) - cos2(0) + sin?(0) ( )
ap=ay - a(T) (1.16)

1.6 Effective Thermal Expansion Coefficient

When computing residual strains and stress by using Comsol Multiphisics, one enters initial
and final temperature of materials and coefficients of thermal expansion. However, thermal
expansion coefficients depend on temperature, and there is no way to enter that variation into
parameters governing strain equations. Alternatively, we should compute rather an effective
thermal expansion coefficient, «, i for a given temperature range from 7y to Ty:

AL Ty
L:aeff~(T2—T1):/Tl o(T) -dT (1.17)

For solder, we use Equation (1.3.1) for integration in (1.17), obtaining:

Ozeff:aa+05b~(T27T1>/2 (118)

For Titanium, and for sapphire expansion in r-direction, we use Equation (1.2.3) with
their corresponding parameters, as discussed already:

Ceff TN RED Ty [y = T = (1 — Tp) T (1.19)

Once we have o, if for expansion in r—direction for sapphire, we compute anisotropy ratio

from Equations (1.15) and (1.16), followed by computing of expansion coefficients along the
c—axis and within c—plane.

The following are computed results when 7y is assumed 300K and Ty is 972K (melting
point of solder):

Solder: a, sy =18.49-1070/K
Titanium: o, 7 = 10.41-1070/K
Sapphire, along r-direction: afff =777-1070/K

Sapphire anisotropy o(T) at 972K = 1.1105
Sapphire, along r-direction, at 972K: oft = 9.006-1076/K
Sapphire, within c-plane, at 972K: ol = 8.722
Sapphire, along c-plane, at 972K: all = 9.686

13



Sapphire anisotropy «(T) at 300K = 1.1478
Sapphire, along r-direction, at 300K: off = 5.491-1076/K
Sapphire, within c-plane, at 300K: ot =5.261-1076/K
Sapphire, along c-plane, at 300K: all =6.039

Knowing however values of anisotropy parameters at 77 and Ty is not sufficient to
determine effective thermal expantion coefficients in ¢ | and ¢ L directions. These must
be computed from integrals of equations (1.15) and (1.16):

SR S ap(T)

T T /T1 (6+</T“)-cos2(e)+sm2(9)dT (1.20)
|1 T
Yeff T -1 /Tl ay - (0+¢/T7)dT (1.21)

Numerical integration gives us: Sapphire, within c-plane: O‘eLff =7503-10"06/K

Sapphire, along c-direction: O‘!ff =8.414-106/K

There is one more step to perform before we may use the obtained anisotropic parameters
for input into Comsole Multiphysics calculations. Sapphire plate is oriented with r—direction
perpendicular to its surface and the surface of Titanium plate, after rotation along z—axes
of the crystal (as Figure 1 shows). Therefore, the thermal expansion tensor will have zx

component agzy = O‘eLff’ zz component oz, = O‘gff’ and yy component given by: ayy = O‘eLff :

cos?(0) + a!ff - sin2(), which has a value of 8.145- 1076/

7.503 0 0

_ —6
%eff = | o squ5 o |10 /K (1.22)

0 0 7.7

Tommuna ciost candupooit moamozkku YL, 80-110 mxm (for sensor up to 1.6 MPa)
140-200 mxMm (for sensor for higher pressures) than 1.6 MPa)

1.7 Silicon Mechanical Properties

Diamont structure with fcc Bravais lattice.
For ideally pure silicon, lattice parameters at 22.500 © C: a = 543.102pm
Linear thermal expansion coefficient, o(T):
a(T) = (3.725)
KpeMmHuueBble TeH30pe3UCTOPHI OPHEHTHPOBAHBI BIOIbL HampaBaeHnit < 110> mIocKocTH

KpeMHUs.
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At room temperature:

Cll = 1656.4M Pa
012 = 639.4M Pa
Cyq = 795.1M Pa

1.8 Thermal Expansion Coefficient of Silicon

1.9 JImamma3o0H mapaMeTpPOB U XapaKTEPUCTUKU MOJAEJINPYEMOTro 00b-
eKTa

DJIeMEHT MOJIY IPOBOHUKOBBIH dyBcTBUTE BB (DITH) MUKPO3IEKTPOHHOTO OTHOMEMOPAH-
Horo tersonpeotpazosaresst (TII) cepun M (BMITY.408854.039, TVY4212-163-00227459-
98) u PT (BMINY.408854.074, TVY4212-281-00227459-2008), Bhimyckaembix 3A0 «OP-
JIDKC», usrorasiubaercs u3 KHC (kpemuuit va candupe) crpykrypbl MeTogom (horoim-
Torpadun mocje HACHIeHs KpeMHA OOPOM 710 BEJIUMYHUHBI YETbHOTO MIOBEPXHOCTHOTO CO-
nporussernst 4,0-5,5 OM/KB n npecrabisierT u3 cebsi TeH309YBCTBUTEIBHYIO CXeMYy B BH/IE
MOCTa YUTCTOHA, B UCTIOJTHEHUN « 3aMKHYTBI MOCT» WiIH « Pa3oMKHYTBI MOCT», chOpMUPO-
BaHHYIO B BUJIE ME3AaCTPYKTYPHI U3 T€TEPOINMUTAKCHAIHLHOTO KPEMHUsI ¢ KPUCTAJLIOTpadude-
ckoit opuenrarpeii (001) Ha candupoBoil HOIIOKKE € HIIOCKOCTHIO KPUCTALIOrPAGUIeCcKOi
opuentaruu (012) (r-mrockocts) ¢ Tommuuoit ot 80 10 200 MKM.

Kpemuunesbie TeH30pe3UCTOPHI OPUEHTUPOBAHBI BJIOJIH Hampasaenuit < 110> mjiockocTu
KpeMHUs, OJ[HA llapa U3 KOTOPbIX OPUEHTUPOBAHA HaPAJLJIeJIbHO pajuycy MeMOpaHbl, a Jpy-
rag — mneprenaukyagapuo. DY pacnosaraercsd Ha TOBEPXHOCTH THTAHOBOW AaKCHATBLHO-
cuMMeTpuaHO MeMOpanbl u3 ciiaBa BT9, co cioem mpunos [1Cp72 rommmuuoit 0,04+0,01
MM MeKJIy HUMH, 00pa3ys 4yBCTBUTEIbHbI daement (U9) TII.

Canduposas nomnoxkka KHC-cTpyKTypbl, THTaHOBast MeMOpaHa U CJIOU IPHUIIOA MEKLY
HUME 00pa3yioT Tpéxcoitnyo (candup-npunoi-ruran) MeMOpaHy, sSBJISIONLYIOCS YIPYTHM
snemenToM (YD) TII u, coorBercTBeHHO, MeXaHHYeCKOi dacTbio U TTI.

Makcumasnbaoe pabodee mapienue mojenupyeMbix TII mexxkut B auanasone or 1,6 MIla
s10 150 MIIa u oupeessiercst coorBeTcTBYOMIUM TV,

JInanazon pabouux Temmeparyp ompeaeaén TV u MoxKer JiexkaTh B auamnasone ot -50°C
(TTI cepuu M) no +200°C (TII cepun PT-3XX-XXX).

JInamerp TuTaHOBOI MeMOpaHbI OT 2,5 J10 5,8 MM, Tosmuaa oT 0,11 10 1,8 MMm. ¥V MeMm-
OpaHbl, MPeTHAZHAYECHHON IS U3MEDPEHUs MAJbIX JTaBJICHUI, MOXKET OBITh YKeCTKWil TMEeHTD
(TTI M/110-1,6-V umeer »KecTKUil MEHTP AUAMETPOM 2,8 MM U TOJIIUHON 1 MM).

1.10 A few definitions

SI units are used in this article.

Young’s modulus E is the slope of the stress-strain curve in uniaxial tension. It has
dimensions of stress (N/m?). You can think of E as a measure of the stiffness of the solid.
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The larger the value of E, the stiffer the solid. For a stable material, E > 0.

_stress o F/Ag
E= strain e AL/Ly (1.23)

Poisson’s ratio v is the ratio of lateral to longitudinal strain in uniaxial tensile stress. It
is dimensionless and typically ranges from 0.2-0.49, and is around 0.3 for most metals. For
a stable material, —1 < v < 0.5. It is a measure of the compressibility of the solid. If v = 0.5,
the solid is incompressible its volume remains constant, no matter how it is deformed. If
v =0, then stretching a specimen causes no lateral contraction.

Flastic limit. Greatest stress that can be applied to a material without causing permanent
deformation. For metals and other materials that have a significant straight line portion in
their stress-strain diagram, elastic limit is approximately equal to proportional limit. For
materials that do not exhibit a significant proportional limit, elastic limit is an arbitrary
approximation (apparent elastic limit).

Yield strength. Indication of maximum stress that can be developed in a material without
causing plastic deformation. It is the stress at which a material exhibits a specified permanent
deformation and is a practical approximation of elastic limit.

Proportional limit is the limit behind which the relation between stress and strain is no
longer linear. Since, strictly, that relation is never linear (it could be only up to certain accu-
racy), the proportional limit parameter is seldom used by engineers: it depands on definition
of linearity and interpretation of experimental results.

The Elastic limit is significantly higher usually than the not so well defined
proportional limit.

The tensile strength of a material is the maximum amount of tensile stress that it can be
subjected to before it breaks.

2 Classical Thin Plate Equation

2.1 Theory limitations

Thin plate theory limitation: the contradicting assumptions of zero transverse normal stress
and the corresponding strain. The Classical Thin Plate Theory does not account for radial
strain component. It is assumed that there is no plate deformation in radial direction when
deriving plate equations. The only deformation considered is the one in z-direction. However,
deformation in r-direction can be computed from the deformation in z-direction obtained.

The theory assumes also that all displacements are small.

Regardless of the above mentioned limitations, the theory describes resonably well a
broad range of practical problems and is extremely usuful in testing validity of numerical
results.
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2.2 General displacement-strain relation

We assume that the material is an isotropic, linear elastic solid, with Young’s modulus E
and Poisson’s ratio ». We need to solve for the displacement field v;, the strain field gjj» and

the stress field -

_ 1 (ou 9y

7

While in cylindrical polar coordinates:

S
o0 =205+ %
e =t (2.2)
e :%(%+%%*%)
o =31+ %)
Ezr = % (% T %ﬂ)
2.3 Stress-strain relation
ojj = Hiy (E,L'j + 1_1/21/%]4;5@']') (2.3)
or:

oxr = W (1= v)exx +v(eyy +e22)]

oyy = W (1= v)eyy + v(ezz +22)]

Ozz = W [(1 —v)ezz +v(exs + Eyy)} (2‘4)

__F
O'xy = (1+V)8xy

__F

O'yz = (1+V)€yz
__F

Ozx = (1_|_V>5zx

17



In cylindrical polar coordinates, the relations are identical, with appropriate replacement
of 54 by Okl etc.

2.4 Equations of Local Equilibrium

Equilibrium Equation in static case, has the form (for each j—direction):

0o ;

arzj + bj =0 (25)
where summation is done over i—indexes, and b; is the volume density of internal body

forces. b; could be caused, for instance, by external electromagnetic interaction with the

material. In our case, when result of external hydrostatic pressure on a plate is studied,

exerted in z—direction, body force density in that direction is p/h, where p is value of pressure

and h is plate thickness.

In cylindrical polar coordinates, a general form of the above set of equations will have
the form:

dorr 19909 Doy, | Trr—opy _
or tro0 ot T =0

do 1 00 do 20 2.6
%00 4 19900 4 9%z, 2700 g, (2.6)

) 100 )
G+ 1O+ O e =0

2.5 Equations of Global Equilibrium

In general, body force density components b; could be functions of coordinates. In other
words, the above equations represent conditions of local equilibrium.

To add conditions of global equilibrium, it is convenient to consider integrated moments
of forces and share, and note that these all must be in equilibrium as well (equal to 0 in our
case).

18



My = ff}/f/Q zoppdz
My = ff{f/g zoyydz
Mgy = ff{f/? zogydz
Quz = ff;ﬁﬂ orzdz
Quz = f%f/g oyzdz

In equilibrium:

Quz =g+ 3y

OMyy
Que =y, O (2.8)
0Qyz

We combine the above equations, to elliminate Qz» and Qy::

2My P Mgy  9?My

Now, we can write the above in the form of integrals:

h/2 820';)33; 8 Ox 8 g
y yy
+2 + dz = — 2.10
/—h/2 < dx2 0zdy oy? ‘ bz ( )

At this point, we substitute stress by strain, to finally get:

h/2 2 4 4 4
// Ez d2<8w+2 0w +8 w)z_pz (2.11>

—hj21—v2 ot Tox20y2 oyt

And, for convenience, we introduce the bending (flexual rigidity) parameter D:

h/2 2 3
—h/21-v 12 <1—u2)
With that definition, we can write the Classical Plate Equation in the form:
viw = % (2.13)
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where

4 4 4
4 [0 d d
V= <4 + 2o + 4> (2.14)

Let us note that p and D have been assumed constant accross plate, when deriving
Eq. (2.13). In a more rigurous form (and a more general one), when D is a function of
coordinates, the integration in Eq. (2.12) should be done in Eq. (2.9), and that will result in
the following form of plate equation:

V2D(z,y, 2)V2w(z,y, 2) = ps(x,y) (2.15)

In cylindrical polar coordinates, the final result is the same, with the change of Laplace
operator V2, and change of bi-harmonic operator V4, where V2 is given there by:

22 10 102 02

2_o0" 10 10° 0%
Vi rar T 2a T o

(2.16)

Equation (2.13) (with D independent of coordinates) leads us finally to the following
equation on w(r):

b dtw +gd3 1 d?w L Lldw
drd T drd 2 dr2 r3 dr
1d d (1d dw
_D;% ( dr (r dr ( dr))) P (2.17)

After repeated integration, we receive a general solution:

1
64Dpr + C’lr In(r) + Coln(r) + C’3r2 + Cy, (2.18)

where parameters Cq, Coy, Cg3 and Cy are integration constants, to be determined from
boundary conditions.

The displacement w at » = 0 must be finite, and therefore C; and Cy must be equal to 0.
Without these conditions, the curvature at » = 0 would be infinite also.

Hence, we arrive to a simpler solution:

641Dp7" 103210y (2.19)

3 Clamped plate

Assume that the plate is fixed at » = R. Hence, w(r = R) = 0, and we have:
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1 o 2 — 0

But we must also have dw/dr equal 0 at r = R, otherwise an infinite share would result
at support boundary:

1 3 _o
51p PR +203R = 0; (3.2)
Hence, we have:
C3 = —L2pR2' Cy= LpR4 (3.3)
37 764D 74T 64D ’
Hence:
P (2 52\2
w = 61D (r R ) (3 4)

3.1 wu(r) - radial displacement

The Classical Thin Plate Theory does not account for radial strain component, as already
explained. However, deformation in r-direction, u(r), can be computed from w(r), the ob-
tained deformation in z-direction. This is the domain of Timoshenko and Woinowsky-Krieger
theory [4]. After basic analysis of deformation’s geometry, one obtains [4]:

h dw
Hence, by using (3.4), we obtain:
_oh o p o (N2 pd
u(r)—QR-64D-R ((R) 1) R (3.6)

3.2 Strain e.,.(r)

In the Classical Thin Plate Theory, radial and z—deformations v and w do not depend on
z. Also, they do not depand on polar angle 6, in case of cylindrical symmetry that interests
us. Therefore, in equations (2.2) dw/d6, du/0¢, and ov/96 must be equal to 0, dw/dz, du/dz,
dv/dz must be 0.

Now, here, we take however into account that we are able to compute (r), and, with
the above mentioned conditions, we modify the equations (2.2) on strain tensor into the
following set:
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err = Jir
3.7
g0 =7 (3.7)
Ezr :%%{)
Hence, we have:
Py ((IV ) g3
r() = 3p (R) ((R) 1) R (3.8)

With ez = 0 at » = 0 and r = R, the function has a minimum (maximum of absolute
value) at /R = 1/v/3 ~ 0.577, with value there of —2/(3v/3) - pR3/32D.

Some care is needed here, however. In a real case of plate of finite thickness, w and « do
depand on z. This will have influance on e, tensor component, and also on ¢, as discussed
later.

ezr tensor component should be equal to 0, or it should be close to 0. Why I
do not see that?

3.3 ¢,.(r) - radial component of strain tensor

According to equations (3.7), radial component of strain tensor in cylindrical-polar coordi-
nates, err, is equal to du/dr:

_h2p 7\2 3
()= % o5 (3 (ﬁ) - 1) ‘R (3.9)
At r =0, erp(r) has value of —(h/R)- (p/32D) - R3 and twice as much with opposite sign at

r = R. epr(r) passes through zero at r/R = 1/v/3 ~ 0.577.

It is interesting to compare maximum absolute values of ey and ez ey /e2r = 3V3-(h/R),
i.e. at h/R larger than about 0.2, we expect to observe a bigger amplitude of ey (r) than that
of ezr(r), regardless of pressure applied. Thin plate theory is obviously not valid any more
at such a high ratio of n/R, however, it’s qualitative results are likely to remain valid within
reasonable accuracy, up to certain extend of parameters.

4 Clamped plate with core of different thickness

4.1 z— displacement w(r)

Assume that the plate central core thickness is different, that it is hq, while it’s radius is Rg.
The external ring has thickness h;, and radius R,. We still expect that the equation (2.19)
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describes the problem. Now, however, a different set of boundary conditions must be used,
and parameter D will also be different for both parts of plate:

Do = Eh3) (12 (1 - 1/2>)

(4.1)
D, =End/ (12 (1-02))
Two boundary conditions will have the form, as before:
4 _
64DbR +Cb3Rb +Cb4 =0 (4 2)

4p_ p3 _

And we have two additional boundary conditions at r = Ry, one that imposes that w(r)
is the same for both functions, and another that dw(r)/dr is the same for both functions, e.i.:

4 4p

D p3 —

64D

Hence, we have four equations and four unknown boundary parameters: Cy3, Cyq, Cp3,
and Cpy. This looks not bad, so far...

Solving the above set of equations gives us the following values:

— __2p p2
Cb3 = ~5ip, %
4
bt = iy By
, (4.4)
___2p | Dq (B . R2
Ca3 = ~GiDy |Dy \Ra) - p| R
4
— Dq ( By 4
Cat =D, [Db (Ra) +1=D, | fla

We are not surprized that constants Cp3 and Cpy have exactly the same value as these
derived from eq. (3.3); the solution for Ry, < r < Rq does not depend on the solution for
r < Ra.

Let us write the solution for » < « in its full form:

R
we P ) A _o|Pa(Lp\" | Da
64Dq Dy \ Rq Dy,
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Intuition tells us that it should be possible to write the above formula in a similar form
as eq. (3.4), with change of some parameters. If eq. (4.5) was valid at r > Rg, its minimum
would occur at r = ry, where r( is given by:

2
2 _ |Da (Rb) Da | p2
== (52)] +1-=—|R 4.6
The value of wy, i.e. of w(r =rg), would be:
4 2
wy = 64Dap’f'0 + C.?)G,TO + C4a (47)

After same basic algebra one finds that (4.5) can be written indeed in the form:

w

1 2
= 764Dap (1"2 — 7'8) + wq (48)

We see that the solution for plate with core, for » > Rq, is identical to the solution for
plate without core. This is another simple observation that helps us to understand better
properties of possible solutions of Classical Plate Equation.

4.2 r— displacement u(r)

When deriving equations for w(r), we assumed that a boundary conditions at r = R, is that
dw(r)/dr is the same for both functions, i.e. that radial strain must be a continuous fonction
of r.

For external ring, we have already expression on u(r) as given by (4.9). We rewrite it in
the form (which is valid for » > Rq):

. th P T T 2 3
ub(r)_RbMDbRb<(Rb) _1>'Rb (4.9)

For internal core, the equation is identical, with replacement of a few parameters (and
the equation is valid for r < Rg):

_2ha p r r 2 3
valr) = R 6iDa 1y ((m) - 1) 0 410)

4.3 ¢,.(r) - radial component of strain tensor

The radial component of strain tensor is given by (3.9) for » > Ry, where Ry is core size.
While for r» < R; a modified version of that equation will hold:
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Internal core: R=
External ring: R=
R=

0.02 T T T T
Internal core:

0
1
0

0015 F -

w(r)

0.01

0.005

r

Figure 3: z— displacement w(r) computed by using equations (3.4) and (4.5). Dimensionless
units are assumed, with pressure p = 1, radius of the external ring and internal core equal
0.5 and 1, respectively, and different values of parameter D, as shown in the figure. All three
curves meet at » = 0.5 with the same values and slope.

h 2p r\2 3
() = 18 G (3 (m) —1> B (4.11)

where r( is given by equation (4.6).

5 Circular Plates of Variable Thickness

The method illustrated in previous section can be extended to calculations for any circular
plate of variable thickness, loaded symmetrically with respect to the center. The stresses
and deflections can be found as follows: The plate is divided into an arbitrary number of
concentric rings, each of which is assumed to have a uniform thickness equal to its mean
thickness. The problem becomes to determine boundary conditions that the slope of each
ring at its inner circumference is equal to the slope of the next inner ring at its outer
circumference.
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0

I I In e}nal core: R=0.5, Dés, h=02 ——

External ring: R=1.0, D=1, h=0.1 ——-----/
-0.0005 | i

/
= -0.001 i
-0.0015 _
-0.002 L ! ) .

0 0.2 0.4 0.6 0.8 1

r

Figure 4: r— displacement u(r) computed by using equations (4.9) and (4.10). Dimensionless
units are assumed, with pressure p = 1, radius of the external ring and internal core equal
0.5 and 1, respectively, and different values of parameter D, as shown in the figure. The
curve for case with internal core of radius R = 0.5 is computed also for » > 0.5 but in reality
the valid solution for r greater than core radius is given by equation (4.9) for coreless plate.
Both curves intersect at r = R, assuring continuity of u(r) on the boundary of internal core
and external ring.

6 Multilayer problem

Let us go back to the equation on global equilibrium of forces, (2.11), and on D, (2.12). That
last formula is valid also when Young’s Modulus E and/or Poisson’s ratio v change accross
the plate thickness, i.e. when both are functions of ». Just remember only that (2.11) is
used to derive global equilibrium of force moments, and therefore the integration there must
be done between —h/2 and h/2, where h is the thickness of all layers combined: In case of a
set of discrete layers, h = %;h;.

For simplicity, let us consider a situation of two layers, of thickenss h; and hy, where
hq > h9, and corresponding Young’s and Poisson’s parameters are, respectively, Eq, v7, and
Ey, vo.

We ought now to define D for equation (2.13) in the following manner, different than
that given by (2.12):
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0.01 ; : : |
Internal core: R=0.5, D=8, h=0.2 ——
External ring: R=1.0, D=1, h=0.1 -------
0.005 i
w -
-0.005 i
-0.01 L L | .
0 0.2 0.4 0.6 0.8 1

r

Figure 5: The strain tensor component, ¢y, as a function of » computed by using equations
(3.9) and (4.11). Dimensionless units are assumed, with the same parameters as in Fig. 4.

hl—h/Q E 2 h/2 E 2
D:/ lz2dz+/ 222dz (6.1)
—h/2 1—vy h1—=h/21—vj

Defining s; = E; /(1 — ul.2), we get:

hl—h/2
—h/2

h/2

+(52/3) 2y

D = (s1/3) 2% (6.2)

7 Anisotropy

7.1 Isotropic Elliptical Plate

Intuition tells us that solutions to Classical Plate Equation (2.13) for an anisotropic material
(two sets of properties, like Young’s modulus and Poison’s ratio, in two principal directions,
z and y) should be identical to these for isotropic plate, with some change of parameters,
and that these solutions should envolve elliptical geometry.

Consider first an elliptical solution to Eq. (2.13) in Cartesian coordinates, with v defined
by Eq. (2.14). We find that the following solution is valid:
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with wy given by:

'lUO:

D (24/a4 od/bh + 16/a2b2)

7.2 Anisotropic Circular Plate

The case is toooo complex...!!!
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8 Comsol solutions

8.1 Comparing Analytical Thin Plate Solution and Comsol Com-
puted Results

In this subsection, we are testing how good is Analytical Thin Plate Solution depanding on
plate thickness.

We use here the following parameters of an isotropic material (these are for Titanium;
values for E and v in Comsol are incorrect for Titanium): E = 106G Pa and v = 0.34

25 h=0.2 —---

w(r)

Figure 6: FEM computed z— displacement w(r) for a plate fixed at the edges, for a range of
thickness h values. Equations (3.4) and (2.12) were used to normalize w(r) with computed
values of w(r = 0). In order to avoid large deformations, low pressure was assumed.

As Figures 6 and 7 show, a nearly perfect agreement is observed between analytical
results for thin-plate and simulation by Comsol software, when the plate thickeness is less
than about 0.1, e.i. less than about 10% of plate radius. For larger thickenesses, starting
at around h = 0.1, thin-plate analytical solution deteriorates significantly from the results
of computer simulation. We observe that the analiticaly computet values of w(r) and w(r)
become much lower that the computer-modelled one.
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u(r)

Figure 7. FEM computed r— displacement u(r) for a late fixed at the edges, for a range of
thickness n values. Equations (3.4) and (2.12) were used to normalize u(r) with computed
values of u(r = 1/v/3), where maximum of absolute value is found according to thin plate
theory. In order to avoid large deformations, low pressure was assumed.
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8.2 Multilayers

0.0012 T T T T

I s=0 ——

$=0.025

$=0.05 -~

L $=0.100 -

0.001 $=0.150 -~~~
0.0008 |- -
= 0.0006 |- .

2
0.0004 | T .
00002 F e i
olL— e T --- Tl e

0 0.2 0.4 06 0.8 1

Figure 8: z—displacement w(r) computed by FEM method for a two-layer plate with fixed
external boundary. Results shown are at the upper surface of the upper layer. The lower
layer is of thickness h = 0.51, and the upper layer has several values of thickness s ranging
from 0.025 to 0.150, as shown in the figure. The Young modulus is E = 10693.2 Pa and half of
that value, for lower and upper layers, respectively, and Poisson ratio v = 0.33, the same for
both layers, has been assumed. With pressure as low as 0.01 Pa, a linear response is assured.
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$=0.075
s=0.100 ----
$=0.150 -------

Figure 9: z—displacement w(r) normalized by w(r = 0), where w(r = 0) is computed by using
thin plate theory and equation (6.2) for a two-layer case. Data used are exactly the same as
in Figure 8.
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8.3 The role of external boundary

The role of external plate boundary and boundary conditions has been modeled with FEM
on geometry as shown in Figure 10.

Figure 10: An axially symmetric plate model of diameter 2R, joined to a supporting tube of
diameter D made of the same material. The tube walls have thickness w (with 2R+ 2w = D).
The plate itself has thickness n (with h +v = H). The plate may have an inner core of
diameter C and thickness ¢; The parameter ¢ value may be equal to 0. The studied element
is assumed to be fixed at the bottom (black thick lines). The outer surface of supporting
tube (red thick lines) is assumed either as free or fixed, as described in the text.
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0.0015 . : :

' fixed at r=1 —
W=0.085 ------
0.001 W=0.13 -
W=0.25 -~ -
w=0.3 -
S, w=0.4 e
0.0005 \\\\W=2.0 ,,,,,,,, -
0 4
w‘c
-0.0005 i
0.001 | 7 .
10,0015 o T i
-0.002 ' L L . . .
0 0.2 0.4 0.6 0.8 1.2 1.4

Figure 11: The role of wall thickness (w) is studied in case of external wall set to be free,
when no internal core is present (¢ =0). The strain tensor component, e, as a function of r
computed by FEM is drawn. The most upper curve is for reference and has been computed
with edges fixed at » = 1. Other curves, counting from bottom, are in increasing order of w.
Plate thickness is h = 0.2. Refer to Figure 10 for explanation of parameters used.
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-0.0002

-0.0004

-0.0006

-0.0008

0

-0.001 |-

-0.0012

-0.0014

-0.0016 [-

Figure 12: The role of wall thickness (w) is studied in case of external wall set to be free,
when no internal core is present (¢ =0). The strain tensor component, £g; AS A function of r
computed by FEM is drawn. The most upper curve is for reference and has been computed
with edges fixed at » = 1. Other curves, counting from bottom, are in increasing order of w.

T
fixed at r=1

W=00t ==
ZFTW=0.13 --e---

Plate thickness is h = 0.2. Refer to Figure 10 for explanation of parameters used.
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8.4 The role of internal core

T T T T T I ;
no core
2=0.16 -------
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Cl2=0.4 -~~~
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C/l2=0.6 -
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w
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0001 F - \«/"’)‘/'i/,,, 7 |
1 1 ] | | | .
0 0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 13: The role of internal core diameter C on the strain tensor component, ¢y-. Plate
thickness is h = 0.2. The most upper curve, when there is no core inside, is drawn for
reference. The curve that crosses each other has the diameter C/2 = 1, that is the diameter
of plate. It represents the ultimate shape of all curves for ep(r) when core size tends to
the maximum possible value. Plate thickness h is 0.2. Refer to Figure 10 for explanation of
parameters used.
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Figure 14: The role of internal core diameter C on the strain tensor component, ¢,. Plate
thickness is h = 0.2.

¢
The most upper curve, when there is no core inside, is drawn for
reference. Plate thickness h is 0.2. Refer to Figure 10 for explanation of parameters used.
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r

Figure 15: Studying ep-(r) on core hight c¢. The core radius is 0.3, and the plate thickness is

h =0.2. The most upper curve, when there is no core inside, is drawn for reference. Refer to
Figure 10 for explanation of parameters used.
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Figure 16: Studying eg(r) on core hight c¢. The core radius is 0.3, and the plate thickness is

h =0.2. The most upper curve, when there is no core inside, is drawn for reference. Refer to
Figure 10 for explanation of parameters used.
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8.5 Shaping ¢,.(r) of the internal core

Figure 17: Diameters A = 0.2, B = 0.4, and C = 0.6. Thicknesses are d, e and f. Plate thickness
is h

-0.0007

-0.00075 -

-0.0008 -

-0.00085 -

£x(0)

-0.0009

000095

-0.001 -

-0.00105

-0.0011 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

r

Figure 18: The strain tensor component, er(r), is drawn near the plate center, where the
internal core playes crucial role in ¢4 (r) dependance. Parameters used are as these described
in Figure 17: Diameters A = 0.2, B= 0.4, and C = 0.6. Thicknesses d and e are both equal to
0.01, while f is as shown in the figure. Plate thickness h is 0.2. The curve, when there is no
core inside, is drawn for reference. For f = 0.003, within accuracy of calculations, a perfectely
independent on r (for r less than about 0.15) strain tensor is observed.
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8.6 Position of Maximum in ¢,,(r).

4e-05

2e-05

o~ 0
=
=
wt
-2e-05 .
-4e-05 .
-6e-05 - - -

Figure 19: The strain tensor component er(r), normalized by plate thickness h, for several
values of plate thickness, when p = 1Pa, E = 10693Pa, and wall thickness w = 2.5. The
strain tensor component is shown at the upper plate surface. The geometry and meaning of
parameters is the same as in Figure 10 (there is no core in this case, i.e. ¢=0, and H =1 was
assumed). epr(r) scales as 1/h2 in classical thin plate theory, therefore, all the data are scaled
in this figure by multiplying ey (r) by #2, in order to have an easier comparison between
different curves (the absolute magnitude of e (r) varies for around 100 times between h = 0.1
and h=1).

Of important interest to us is the position of maxima in epp(r).
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Figure 20: The strain tensor component £g(r); normalized by plate thickness h, for several
values of plate thickness, when p = 1Pa, E = 10693Pa, and wall thickness w = 2.5. The
strain tensor component is shown at the upper plate surface. The geometry and meaning of
parameters is the same as in Figure 10 (there is no core in this case, i.e. ¢ =0, and H =1
was assumed). eg(r) scales as 1/h2 in classical thin plate theory, therefore, all the data are

scaled in this figure by multiplying (1) by 12, in order to have an easier comparison between
different curves (the absolute magnitude of £g(r) varies for around 100 times between h = 0.1

and h = 1). Thin plate limit is drawn also for comparison: ep(r) =u/r=2h- % . (7’2 - 1)
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Figure 21: The position of maxima in epp(r), Rmaz(h), for various wall thickness (parameter
w in Figure 10). Calculations were performed for exactly the same conditions as these in
Figure 19. The lines are only to guide eyes, though we expect that there exists a simple
mathematical formula that would fit well the data for every value of w, and that such a
formula would scale in a simple manner with w. In case of wall thickness w = 2.5 and w = 4.5
the results coincide well together, representing a limit of flow on ey — r plane. The set of
results shown allows to estimate position of maximum for any combination of parameters
(w,h), and, in more general, for any cell of similar shape as long as the ratio R/H remains
equal to 1.
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8.7 The role of boundary conditions on external surface of the

wall.
T T T I | : I
h=0.1 i
fixed, h=0.1 -~ i
0.0001 | n=0.1 ———- j
fixed, h=0.5 - ;‘
h=1 ----
fixed, h=1 - --- !
5e-05
N
o
S
&
0
-5€-05 |
1 1 L | | I I

Figure 23: The external surface of the wall is fixed and ey (r) is compared with corresponding
err(r) dependence when that surface is free.
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Figure 24: The external surface of the wall is fixed.
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8.8 ”Real” sensors - ¢,,.(r), €4(r), and the role of external boundary
conditions.
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Figure 25: The strain tensor component ey (r), for several values of plate thickness S (in mm,
as, shown in the figure, when p = 1Pa, E = 10693 Pa, for a "real” membrane.
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Figure 26: The strain tensor component eg(r), for several values of plate thickness S (in mm,
as, shown in the figure, when p = 1Pa, E = 10693 Pa, for a "real” membrane.
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Figure 27: The strain tensor component e (r) - S2, for several values of plate thickness S (in
mm, as, shown in the figure, when p = 1Pa, E = 10693Pa, for a "real” membrane.
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Figure 28: The strain tensor component (1) 52, for several values of plate thickness S (in
mm, as, shown in the figure, when p = 1Pa, E = 10693Pa, for a "real” membrane.
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Figure 29: The strain tensor component e (r), for several values of plate thickness S (in mm,
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as, shown in the figure, when p = 1Pa, E = 10693 Pa, for a "real” membrane.
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Figure 30: The strain tensor component eg(r), for several values of plate thickness S (in mm,
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as, shown in the figure, when p = 1Pa, E = 10693 Pa, for a "real” membrane.
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Figure 31: The position of maxima in ep(r) and (1), Rmaz(h) ...
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8.9 Testing the range of linear pressure dependance

The titanium alloys may have a tensile elastic limit strength of 950 MPa or more, and an
elastic deformation capability of 1.6% or more.

Yield strength for grade-2 Titanium is "only” 275M Pa. Alloys of Titanium may have
about 4 times higher yield strength. From another source: the elastic limit is of the order
of 500 MPa for some Ti-Ni alloys. The not so well defined proportional limit is however
significantly lower than the elastic limit.

We can safely assume that any calculations based on linear strain-stress depandence
must be error-prone for pressures larger than around 100 MPa. Unless we know very well
mechanical properties of Ti-alloys used.

1.8e-09 T T T T
p=1000 Pa
p=10 MPa -------
p=20 MPa -------- |
1.6e-09 p=50 MPa
p=200 MPa -------

1.4e-09

1.2e-09

1le-09

w(r)/p [m/Pa]

8e-10
6e-10
4e-10

2e-10

r [m]

Figure 32: w(r) normalized by pressure (in Pa), for several values of pressure applied, 1000 Pa,
10 M Pa, 20 M Pa, 50 M Pa, 100 M Pa, and 200 M Pa, for curves from top to bottom, as described
in the Figure. If linear theory was valid, w(r)/p would be independant of pressure applied and
all curves would coincide perfectely. A merely noticable departure from linearity is visible
already at pressures around 10 MPa, and at higher pressures, the nonlinear contribution
increases dramatically. Plate thickness is h = 0.1.
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Figure 33: w(0) as a function of pressure, normalized by pressure in such a way that w(0) =1
is obtained at pressure of 1000 Pa, e.i., the normalization is of the form w(0)/p[Pa]/w(at r =
0 for 1000 Pa) = 1000. We see that a systematic, significant departure from linear theory
starts at pressures around 10 — 20 M Pa, which corresponds to deflaction at the center of the
order 1.0% — 4.0%, At higher pressures, the nonlinear contribution increases nearly linearly
with pressure applied. We do not expect that calculated results remain valid for pressures
of around 100 MPa or above - at these pressure ranges the material properties become too
close to the elastic and linear-response limit of Titanium. Plate thickness is h = 0.1.
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Figure 34: A difference between normalized w(0) at near-zero-pressure (strictly, at pressure
of 1000 Pa), and actual normalized w(0) as a function of pressure. The normalization is
of the form w(0)/p[Pa]/w(at » = 0 for 1000 Pa) x 1000. While at higher pressures, as shown
in Figure 33, the nonlinear contribution increases nearly linearly with pressure applied, at
these relatively low pressures shown, the nonlinear contribution changes nearly as a square
of pressure applied. The solid curve in the Figure is the best fit to the data and is described
by: 0.0005 — 1.22 - 10~ 16(p — 1500000)2. Plate thickness is h = 0.1.
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8.10 Maximal Stress

Material brakes (passes through elastic response limit) after certain critical stress value,
which is called yield stress, and which is characteristic for every material. Yield stress (called
also tensile strength) value is known for commonly used materials, and in particular, in case
of metals and many of metal alloys. For titanium alloy used as the membrane material
here, tensile strength exceeds 1000 M Pa at room temperature. However, it does not exceeds
much that value and with increasing temperature tensile strength may drop significantly.
Therefore, a value of 1000 M Pa should be considered as an ultimate, and not even a safe
value. A real device may be not able to sustain stresses even as high as that.

One of the used criterions of computing when material brakes is based on so called von
Mises criterion, which takes into account that material becomes plastic at even lower stresses,
if additional stresses are applied in other directions.

A physical interpretation of von Mises criterion suggests that yielding begins when the
elastic energy of distortion reaches a critical value.

Von-Mises stress is shown in Figure 35 for a model of geometry close to the real one.
Refer to Figure 10 for explanation of parameters used. Units are in millimeters: D = 9.2,
h=051,C=28, R=2.9, c=149, H = 4.0.

We plot here von-Mises stress at the surface, and at the plate center and the bottom of
plate (z = 0 corresponds to the upper surface, while z = —0.51 to the plate bottom).

Pressure applied is 1M Pa, and material parameters are these as used for Titanium:
E =106 M Pa and v = 0.34.

The graphs are normalized by applied pressure (which is 1M Pa in this case). The reason
for that is to show how much stresses inside of the material can be larger than the applied
pressure, e.i. in other words, the stresses shown are in units of the applied pressure.

Huge peaks near the core and plate boundaries are probably due to inaccuray in calcu-
lations. Nevertheless, as these data show, one should expect stresses inside of the material
larger at least 10 or 20 times of the applied pressure.

57



z=

; 2=-0.25 -------

! z=-0.51 --------
35 | : -
30 - -
25 1 :
20 - i -

von Mises stress normalized by pressure

Figure 35: Refer to Figure 10 for explanation of parameters used. Units are in millimeters:
D=92 h=051,C=28 R=29, c= 149, H=4.0. von-Mises stress at the surface, and at the
plate center and the bottom of plate (» = 0 corresponds to the upper surface, while z = —0.51
to the plate bottom). Pressure applied is 1M Pa, and material parameters are these as used
for Titanium: E = 106M Pa and v = 0.34. The graphs are normalized by applied pressure.

58



Max: 7.691e-4
x10~*

Surface; z-displacement [m] Deformation; Displacement

0
Min: -2.03e-6

Figure 36: A typical deformation cross-section for parameters as described in Figure 35. The
deformation is not to scale, and much exagerated in magnitude, for a better illustration. The
right color map describes the absolute magnitude of deformation. The applied pressure is
1M Pa.
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Figure 37: Von Mises stress near the corner formed by plate and hard core (z = —1.4 and

y = 3.49, in mm), for parameters as described in Figure 35 and the applied pressure of 1M Pa.
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8.11 Plate with solder on the surface

Solder thickness on real device is around 0.04mm. We do not know it’s Young modulus and
Poison ratio, and, for modeling purpose, we assume arbitrarily, E = 30 GPa, and v = 0.34.
We assume cell dimentions as in Figure 10, with the following values of parameters (in mm):

D =92 h=051,C=28 R=29, c=149, H=4.0. Solder layer is assumed to have radius of
4.6.

nnunown

0.0001

5e-05

£(1)

-5e-05

-0.0001

Figure 38: The strain tensor component, eyr(r), when solder layer is present, for several
values of solder layer thickness s, as shown in the figure. Parameters used are as these
described in the text.

8.12 Contribution of Residual Thermal Stress

Residual Thermal Stress (and residual thermal strain) occur when a structure of two or
more materials that were tightely joined together at one temperature and after that the
temperature has changed, while their thermal expansion coefficients are different.
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Figure 39: The residual strain tensor component, ep-(r) is modeled at the surface after
cooling from temperature of melting point of solder to room temperature (e.i. from 972K
to 300K). The upper layer has a higher Young modulus (E = 42800Pa, v = 0.33, thickness
0.05), and it is fixed to the entire surface of a cell shown in Figure 10 (with no core). Cell
internal radius is 1, thickness is h = 0.2, material Young modulus is 4 times lower than that
of the upper layer, with £ = 10693Pa and v = 0.33. Thermal expansion of the upper layer is
7.7776/K and of the lower one is 10.4176 /K (which corresponds, respectively, to approximate
effective thermal expansion coefficients of Sapphire and Titanium, respectively). The upper
layer contracts less during cooling than cell material. The effect of wall thickness w (with
values of w as shown in the figure) is studied.
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Figure 40: The strain tensor component, e,(r) as modeled at the surface, including residual
strain due to cooling from temperature of melting point of solder to room temperature (e.i.
from 972K to 300K), after pressure p of several values (as described in the Figure) is applied.
The geometrical model is identical to that one described in Figure 39. Wall thickness w = 1.0.
The z—displacement maximum for the case when p = 0 is around of 2% of the inner cell radius
r = 1. At around these or larger deformations one should expect the presense of the onset
of nonlinear effects, however, as shown in the next figure, nonlinearities do not play yet a
significant role.
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Figure 41: The strain tensor component, e (r) after the residual thermal strain is subtracted
and normalization is done by the applied pressure p, for pressure values as shown in the figure.
The data are the same as these in Figure 40. Small nonlinearities are visible already at these
pressures, however, the results demonstrate clearly that the strain observed is a direct sum
of contribution due to thermal effects and the one due to applied external pressure.
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8.13 Appendix A
8.13.1 Particular solutions of the biharmonic equation [10]

w(z,y) = (A - cosh(Bz) + B - sinh(Bz) + Cx - cosh(Bz) + Dz - sinh(Bz)) (a - cos(By) + b- sin(By)) (8.1)
w(z,y) = (A cos(Bx) + B - sin(fz) + Cx - cos(Bx) + Dx - sin(Bx)) (a - cosh(By) + b - sinh(By)) (8.2)

w(z,y) = A1 Inr + B 12+ C - lnr + D, TZ\/(x—a)2+(y—b)2 (8.3)

8.13.2 Boundary value problems for the upper half-plane
Domain: —co < z < 400, 0 <y < +oo. The desired function and its derivative along the normal
are prescribed at the boundary:

w=0at y=0, ow/dy = f(z) at y=0

Solution:

+0o0 2
waw) = [ Q) Gl = Cadc Gl = s (8.4)

Domain: —oo < x < +00, 0 <y < +oo. The derivatives of the desired function are prescribed
at the boundary:

ow/dx = f(x) at y =0, dw/dy = g(x) at y = 0.

Solution:

w(a:,y):}r/—zof(g). [arcmn (l‘;() n (mli(z>;i)y2}dg+y:/zom_gg%+c (8.5)

where C is an arbitrary constant.
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