Nonlinear flux diffusion and ac susceptibility of superconductors: Exact
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The ac response of a slab of material with electrodynamic charactefistigs’™, =0, is studied

numerically. From the solutions of the nonlinear diffusion equation, the fundamental and
higher-order components of the harmonic susceptibility are obtained. A large portion of the data for
everyk can be scaled by a single parametert'/ 2. H§/(“*2)/D, wheret is the period of the ac

field at the surfaceH, is its amplitude, and is the slab thickness. This is, however, only an
approximate scaling property: The field penetration into a nonlinear medium is a more complex
phenomenon than in the linear case. In particular, the susceptibility values are not uniquely defined
by a set of only two parameters, suchaand ¢ while one parameter, i.et¥?/D, is sufficient to
describe the electrodynamic response of a linear medium19@6 American Institute of Physics.
[S0021-89706)00408-X]

I. INTRODUCTION dependent  magnetic  hysteresis  curve,M(t)/D

. e = ! + y! si i i .
The problem of nonlinear diffusion has recently attractedWhir;Xf“SrCigzgna:E)H <X|f|“*s |r:1(7rrT1 aft): vzh(eire_mHB/Zal_r'l ,;r}"tsegs_r
considerable attention in diverse fields of science. One ext- ’ "0 P HTXL 0

- : . _tained, then 4y, = 0 for every oddm>1, and 4myx;,
ample, which is considered in the present work, deals with~ 2Hy/3mmH* for all odd m>0. To deal with situations

the magnetization process of superconductors. In the case, . - )
. ; ich are more relevant to the description of real experimen-
when the response of a superconductor to an applied ac fiel o . ) i
al results, it is necessary to investigate a nonlinear theory of

H="Ho exp(ot), IS linear, the electrodyngmlc propertles n the magnetic response which would bridge the two limiting
the superconducting state can be described in terms of the ) . "

L= . . cases observed: the linear response and the critical-state one.
complex conductivityo=o0,+i0;. In the flux-flow regime

of high-T, superconductors, which occurs in a brdaeT A fruitful approach to this problem is based on studies of the

range, it is usually justified to neglect the imaginary com o_electrodynamic response of a medium characterized by a
ge, y) 9 ginary P power-law  current-voltage  dependence,j=o(E)E

nent of the complex conductivity. In that case, Maxwell’s =00EO(E/E0)1’("+1), where x=0. Using Maxwell's equa-

equations,VXB=4s/c-j and cV XE=-B/dt, provide the . . e : L
following result for the field penetration into a material fill- t|ons_, the n.onlmt-aar diffusion eqyanon descnt.)mg- the pen-
etration of fields into a slab of thickness 2D lying in the

ing half-space,x>0: B=H, 7(x) exp(iwt), with 7(x) _4 .
=exp(—\x) and \?=2i/&, where &=c%/(2mwwa,). For a plané™* can be derived as
thin plate of thickness 2D, with the ac field parallel to the
large surface of the plate, the following equations Hold:

B o [aBlap|"| — t _ X )
A= _ 14 L SiNR()+sin(a) x gk | o xe @
X = a coshka)+coga)’
. . (1)
Loy = 1 sin(a) —sinh(a) where B=B/E,, Xo=Cc/(4may), and 1,=1/(4ma,). Recently,
X~ a cosia)+coga)’ studies of solutions of Eq2) have been carried out by many

B . o, _ authors. The exact analytical description of the response of a
wherea=2D/5. A maximum in y" results when&o; ,@) IS gnerconductor to an abrupt change of external ffeltas

comparable to the sample size. Experimental results rarelyoen compared with the results of nonlogarithmic magneti-
show susceptibility curves which correspond to the ﬂ”X'ﬂOWzation relaxation measurements on highmaterials® Vari-

result of ohmic-like behavior. Rather, the effects are mosbus aspects of the ac response of superconductors has been

often nonlinear. The dependence of the measured suscepls died as well by Dorogovtstand van der Beekt al? A

bility curves on the excitation current and higher-order COMyector generalization of the critical state model has been pro-

ponents in the harmonic susceptibilities are observed. In thBosed by Mayergoy®® Recent results of Gilchrist and
limiting case of very strongly nonlinear response, thepqmprddcan be compared with numerical results described
critical-state model may be used for the calculation of the a, the present work. The distinctive feature of solutions of
susceptibility. Then, only one parameter is needed 10 CONgy (9) s that the flux-profile penetration resembles that in
struct the hysteresis curve for the magnetization, the field the models of the critical state. When a field change is ap-
the first full penetration to the sample centeliy. It is as-  yjiaq the profile of perturbation spreads out from the surface
Sl,fmed that the harmonic susceptibility componegfsand  14yards the sample center but a region exists where the field
Xm, are defined as Fourier components of the timeyistipution is unchanged inside. If the response to a field
change ofH is considered, the time after the front of the
dElectronic mail: zkoziol@is.dal.ca; http://is.dal.eakoziol/zkoziol.html field change arrives to the centér is given by
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The initial magnetization, at<t*, is given by

Uet2) T (1k+3/12)
[ (LUx+2)T(1/2)

Equations (3) and (4) imply that a single parameter,
=tV el<+2)p | can parametrize the short-time mag-
netization relaxation. It is informative to determine the extent
to which this scaling relation is valid with respect to the ac
susceptibility (with the replacement of and H, by the ac
field period and the field amplitude, respectiyely

t
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FIG. 1. They” vs x' plots of the ac susceptibility for different values of the
nonlinearity parametet and different periods of the ac fietd(x, t): (0.667,
25 000,0), (0.667, 5000A), (2, 12 500,@), (2, 5000,07), (3, 10 000,¢ ),

. . . . (12, 6250,M). Solid lines represent the critical-state and the linear-response
Most of the calculations of the nonlinear diffusion pro- |imits for a thin plate. The difference between the datasfer2 obtained for

cess presented here have been performed on an array of dio different frequencies of the ac field should be noted. The direction of
mension 5& 200, containing magnetic induction valuBsat ~ decreasing penetration depth is shown by the arrow.

50 time intervals and 200 space intervdisThe magnetic

field at the surfaces of the sampld, sin(wt), determines

the boundary conditions. An average magnetic figdqt))

in the sample has been computed from the magnetic fielfy 14in gistance from the sample surface. Whether the front
d]strlbutlon, every 50 time steps. Next, a Foune_r _t|me analy—of the flux profile in ac penetration propagates towards the
sis of (B(t)) has been performed and the coefficients of the

fundamental and higher-order terms of the harmonic conte

n(ienter or not, is not an easy question to answer, since the
have been found. The method of computation and its resul initial very slow propagation which is observed might only
have been carefully tested. First, the magnetization relax-

Il. NUMERICAL MODELING OF NONLINEAR
DIFFUSION

e due to unstable initial conditions. Within the accuracy of

ation process after an abrupt change of the external field h&@iculations, the flux profile has a self-replicating shape of
been simulated and numerical results were compared witdiminishing amplitude, with perfect periodicity in time at
the known exact analytical expressions derived by KoziofVery point in space but with a phasg shift Wh'Ch changes
and de Chtel2 Then, the validity of the modeling of the ac with the distance from the surface. This observation is con-
response in the limit of linear diffusion on the ac suscepti-Sistent with the exact results found by Mayergbar pen-
bility, as given by Eq.(1), was checked. It was confirmed etration of circularly polarized electromagnetic fields. The
also that the ac susceptibility converges towards the criticalprofiles obtained for one value of an ac field amplitude co-
state results for larg&. The time range for which the re- incide with the profiles computed for another ac field ampli-

sponse to the ac field becomes periodite initial response
at short time does not satisfies this condijievas also in-

tude, if the phase lag and spatial coordinates are shifted prop-
erly.

vestigated. In most cases it is safe to analyze the data taken Plots of ¥’ vs x’ shown in Figs. 1 and 2 for different

after the initial 50 000 steps in time evolutidthis time de-

values of the nonlinearity parameterconverge to the limit

pends onc andH ). An additional, more reliable, criterion of of |inear diffusion for k—0 and to the limit given by the
stable periodicity is based on the criterion that the dc Ofitical-state model for largas1. An important feature of
second harmonic components are not found. At large valuee present results is seen in Fig. 1; susceptibility points
of Hy, the calculations become unstable abruptly. It is PoSgomputed for different frequencies of the ac field but the
sible to overcome this difficulty but at significant expense iNg; e value ofc. do not fall on the same curve. This is
computati(_)n time(the computation of one susceptibility different from what it might be expected and seems to have
pﬁlgtr ;%qeusr)?; gg ;V:;agﬁe?;fz?;mwheogaigl Ec')vlnfecr:]tf;g; on been unnoticed in previous wotRIn Fig. 3, we show that a
performin calculations for a Ia’r er number of Doints atsimple scaling of the susceptibility with the amplitude of the
P ning 9 P ac field holds for the data obtained in the range of incomplete
lower fields. . W (k+2) :

flux penetrationy~Hg . In Fig. 4, the real component

of the first-harmonic susceptibility is drawn as a function of
Ill. RESULTS AND DISCUSSION Hg/(<+2) (Y<+2)p for different values of the field ampli-

The penetration of an alternating field resembles, intudeH,, period of the field and for a few sample sizes. This
some ways, the response to an abrupt change of externi@tter scaling method is not perfect; small differences in the
field; the amplitude of field changes diminishes gradually inslopes of the data computed for various frequencies is found.
the material and, if the field amplitude at the surface is nofThis effect may be explained by the fact that flux profiles
too large, there is no penetration to a volume separated by lzave a shape which depends on the time of field penetration.
4680
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dmps’ FIG. 4. Scaling of the flux penetration %; + 1) by a function

Hg/(<+2) tV(<+2)/D  whereH,, gives the field amplitude, gives the period,
FIG. 2. The third-harmonic susceptibilify; vs x; compared to the critical- andD gives the sample thickness. Each of the solid lines passes through the
state result represented by the solid line, for the following nonlinearity pa-data corresponding to the following values of the nonlinearity parameter
rameterx and periods of the ac fielt] (, t): (0.667, 25 000@), (0.667, 0.667, 1, 2, 3, and 5, for lines with the smallest to largest sIBpis equal
5000, #), (1, 5000,00), and (2, 12 500,0). The direction of increasing 0 20 or 100(there is no distinction between the symbols of the data corre-
amplitude ofH, is shown by the arrow. sponding to different values dd), while t is 2500 (O), 5000 (OJ), 6250

(¢), 100000(A), 12 500(V), 25 000(®), and 100 00QM).

One should expect that the paramegett /(< *2)Hy/(<*2)/p
will become an exact scaling variable only for the case
when all the parameters, Hy, andD, are simultaneously
scaled by a constank in the following way: D—A\D,
Ho— (\H) /"), andt— (\t) <2,

E=tY2) gel(«t2)1p | For k values close to 0, the overall
Sdependence of'(x') closely resembles the dependence ob-
served in the linear case. The conductivity, however, com-
puted fromy”(x') data by using the assumption that the lin-
ear theory holds, will lead to false information and yield
strongly overestimated values. An experimental criterion for
IV. CONCLUSIONS detecting nonlinearity would be the observation of the am-
When the ac magnetic field does not penetrate to thglitude dependence or the existence of higher order harmon-
sample center, the magnetic susceptibility is well describedcs in the ac response. The susceptibility values of a nonlin-
by a simple scaling relation: x~¢  with  ear medium are not uniquely defined by a set of two
parameters only, such asand&. For experimental purposes,
however, treating as a scaling variable offers a sufficiently

' accurate method of testing for nonlinear properties of mate-

4 . rials.
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